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A GLOBAL Tb THEOREM
FOR COMPACTNESS AND BOUNDEDNESS
PACO VILLARROYA
Abstract. We prove a TbTheorem that characterizes all Caldero´n-
Zygmund operators that extend compactly on Lp(Rn), 1 < p <∞.
The result, whose proof does not require the property of accretivity,
can be used to prove compactness of the Double Layer Potential
operator on a wide class of domains.
The study also provides conditions for boundedness of singular
integral operators by means of non-accretive testing functions.
1. Introduction
The seminal T1 Theory [5] was soon extended to a Tb Theory in
which boundedness of singular integral operators is tested through their
action over functions b more general than the function 1. A. McIntosh
and I. Meyer [12] obtained a Tb Theorem in the special case Tb1 =
T ∗b2 = 0 and, in an independent work, G. David, J. L. Journe´ and S.
Semmes [6] solved the general case. Whereas the T1 Theorem proved
boundedness of the Cauchy integral over graphs with small Lipschitz
constant, the Tb result established this result in full generality, and
also boundedness of the Double Layer Potential operator. More on the
early developments of the theory can be found in [4], [10].
These results generated an intense flow of research, still active nowa-
days, producing a variety of Tb Theorems that apply to different set-
tings: from singular integrals on non-homogeneous spaces [13], to op-
erators with vector-valued Caldero´n-Zygmund kernels [7] or singular
integral operators between weighted spaces [8].
The recent paper [14] introduced a T1 Theorem to characterize com-
pactness of Caldero´n-Zygmund operators. Now, following the classical
line of progress, we present in the current paper a compact Tb result,
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that is, a criterion of compactness relying on the action of the operator
over testing functions b as general as possible (Theorem 4.1).
In the classical theory, the testing functions used to check bound-
edness satisfy a non-degeneracy property called accretivity, which es-
sentially implies the existence of lower bounds for the testing functions
or for their averages (see [4]). In the setting of compact operators,
we show that the hypothesis of accretivity can be relaxed to a large
extend. The reason, speaking quite broadly, is that compact singular
integral operators exhibit an extra decay to zero (see [14]). Then one
can use this decay to allow the averages of the testing functions to tend
to zero as long as their inverses grow slower than the operator extra
decay tends to zero. As a result, compactness can be checked over a
larger class of testing functions. The class varies with the operator un-
der study: the faster its bounds decay, the larger the class can be. This
allows the existence of global but well localized testing functions and
so, it justifies the development of a global Tb Theorem before studying
the corresponding local result.
The main result in the paper is Theorem 4.1, which proves compact-
ness of the Double Layer Potential operator for a large the class of
domains (see [10]). Classically, compactness is proved after verifying,
by means of Tb Theorem, that the operator is bounded. Since the
latter result requires the testing function being accretive, this imposes
non necessary hypotheses on the regularity of the boundary of the do-
main. The new results weaken these hypotheses by allowing the use of
non-accretive testing functions.
Furthermore, since the proof of compactness is based on deeper in-
vestigations on boundedness, in Corollary 4.2 we extend the classical
Tb Theorem to a criterium of boundedness which does not require ac-
cretive testing functions.
In sections 2, 3 we introduce some notation and definitions, while in
section 4 we state the main results. Sections 5, 6 and 7 are devoted to
study the auxiliary functions used to characterize compactness, develop
estimates for the dual pair over functions with adjacent supports, and
define Tb1 and T
∗b2. In the following four sections we prove sufficiency
of the hypotheses of Theorem 4.1, leaving their necessity for section 12.
I express my appreciation to Christoph Thiele and Diogo Oliveira e
Silva for the organization of the Summer School ’T (1) and T (b) Theo-
rems and Applications’ and to all its participants. The meeting was a
very exciting event and a great source of inspiration for this project. I
also thank the support from김자영 in Sunnyvale, USA, where most of
this research was developed.
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2. Notation and definitions
2.1. Notation. We denote by C, D the families of cubes I =
∏n
i=1[ai, bi)
and dyadic cubes I = 2j
∏n
i=1[ki, ki + 1) for j, ki ∈ Z, respectively.
Given a measurable set Ω ⊂ Rn, we denote by D(Ω) the family of all
I ∈ D such that I ⊂ Ω.
For I ∈ C, we denote its centre by c(I), its side length by ℓ(I) and
its volume by |I|. For λ > 0, we denote by λI, the unique cube such
that c(λI) = c(I) and ℓ(λI) = λℓ(I). We write B = [−1/2, 1/2)n and
Bλ = λB. We denote by | · |∞ the l
∞-norm in Rn and by | · | the modulus
of a complex number.
Given two cubes I, J ∈ C, if ℓ(J) ≤ ℓ(I) we denote I∧J = J , I∨J = I;
while if ℓ(I) < ℓ(J) we write I∧J = I, I∨J = J . We define 〈I, J〉 as
the unique cube containing I ∪J with the smallest possible side length
and such that
∑n
i=1 c(I)i is minimum. We denote its side length by
diam(I ∪ J). Note the equivalence:
diam(I ∪ J) ≈ ℓ(I)/2 + |c(I)− c(J)|∞ + ℓ(J)/2.
We also define the eccentricity and relative distance of I and J as
ec(I, J) =
ℓ(I∧J)
ℓ(I∨J)
, rdist(I, J) =
ℓ(〈I, J〉)
ℓ(I∨J)
.
Note that
rdist(I, J) ≈ 1 +
|c(I)− c(J)|∞
ℓ(I∨J)
≈ 1 +
dist(I, J)
ℓ(I∨J)
,
where dist(I, J) is the set distance between I and J in the norm | · |∞.
Given I ∈ D, we denote by ∂I the boundary of I and by ch(I) the
family of dyadic cubes I ′ ⊂ I such that ℓ(I ′) = ℓ(I)/2. Given I ∈ D,
we denote by Ip the parent cube of I, that is, the only dyadic cube such
that I ∈ ch(Ip). We define the inner boundary of I asDI = ∪I′∈ch(I)∂I
′.
When J ⊂ 3I, we define the inner relative distance of J and I by
inrdist(I, J) = 1 +
dist(J,DI)
ℓ(J)
.
2.2. Compact Caldero´n-Zygmund kernel.
Definition 2.1. For every M ∈ N, let CM be the family of cubes in
Rn such that 2−M ≤ ℓ(I) ≤ 2M and rdist(I,B2M ) ≤ M . We define
DM = D ∩ CM and DM(Ω) = D(Ω) ∩ DM .
Notation 2.2. To study compactness of singular operators, we use
three bounded functions L, S,D : [0,∞)→ [0,∞) satisfying
(1) lim
x→∞
L(x) = lim
x→0
S(x) = lim
x→∞
D(x) = 0.
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We denote F (a, b, c) = L(a)S(b)D(c) and F (a) = F (a, a, a).
By abuse of notation, we write for each cube I, L(I) = L(ℓ(I)),
S(I) = S(ℓ(I)) and D(I) = D( rdist(I,B)). Given three cubes I1, I2, I3,
we define F (I1, I2, I3) = L(I1)S(I2)D(I3) and F (I) = F (I, I, I).
For δ > 0, we denote
L˜(I) =
∑
k≥0
2−knL(2−kℓ(I)), D˜(I) =
∑
k≥0
2−kδD( rdist(2kI,B)),
and write F˜ (I1, I2, I3) = L˜(I1)S(I2)D˜(I3) and F˜ (I) = F˜ (I, I, I).
Since the dilation of a function satisfying one of the limits in (1)
satisfies the same limit, namely DλL(a) = L(λ
−1a) satisfies the first
limit, we often omit universal constants appearing in the argument of
these functions. We note that, by Lebesgue’s Dominated Convergence
Theorem, L˜ and D˜ satisfy the corresponding limits in (1).
Definition 2.3. A measurable function K : (Rn×Rn) \ {(t, x) ∈ Rn×
Rn : t = x} → C is a compact Caldero´n-Zygmund kernel if it is bounded
on compact sets of its domain and there exist 0 < δ ≤ 1 and functions
L, S,D satisfying Definition 2.2 such that
(2) |K(t, x)−K(t′, x′)| .
(|t− t′|∞ + |x− x
′|∞)
δ
|t− x|n+δ∞
FK(t, x),
whenever 2(|t− t′|∞ + |x− x
′
∞|) < |t− x|∞ with
FK(t, x) = L(|t− x|∞)S(|t− x|∞)D(|t+ x|∞).
For technical reasons, we will mostly use the following alternative
formulation of a compact Caldero´n-Zygmund kernel:
(3) |K(t, x)−K(t′, x′)| .
(|t− t′|∞ + |x− x
′|∞)
δ
|t− x|n+δ∞
FK(t, x, t
′, x′),
whenever 2(|t− t′|∞ + |x− x
′|∞) < |t− x|∞ with 0 < δ < 1 and
FK(t, x, t
′, x′) = L1(|t−x|∞)S1(|t−t
′|∞+|x−x
′|∞)D1
(
1+
|t+ x|∞
1 + |t− x|∞
)
,
where L1, S1, D1 satisfy the limits in (1). As it is explained in [14],
condition (3) can be obtained from (2).
In [14], we proved in the one-dimensional case that the smoothness
condition (2) essentially implies the pointwise decay condition
(4) |K(t, x)| .
FK(t, x)
|t− x|n∞
with FK(t, x)=L(|t− x|∞)S(|t− x|∞)D(1 +
|t+x|∞
1+|t−x|∞
).
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2.3. Operator with a compact Caldero´n-Zygmund kernel.
Definition 2.4. Let T be a linear operator bounded on L2(Rn). Let
b1, b2 be locally integrable functions.
T is associated with a compact Caldero´n-Zygmund kernel if there
exists a function K satisfying Definition 2.3 such that for all f, g with
disjoint compact supports, the following integral representation holds:
(5) 〈T (b1f), b2g〉 =
∫
Rn
∫
Rn
f(t)g(x)K(t, x)b1(t)b2(x) dt dx.
Boundedness of the operator is assumed to provide the integral rep-
resentation, but we will only use this hypothesis qualitatively. We will
work to obtain bounds that only depend on the implicit constant of the
compact Caldero´n-Zygmund kernel and the conditions of next section:
the weak compactness condition and the BMO norm of Tb1, T
∗b2.
Notation 2.5. Given an operator T and b1, b2 measurable functions,
we write Tb =M
∗
b2
◦ T ◦Mb1, with Mbi(f) = bif the pointwise multipli-
cation operator.
3. The weak compactness and the cancellation conditions
We introduce the hypotheses for compactness of singular integral
operators: the weak compactness condition and the membership of
Tb1, T
∗b2 to CMOb(R
n).
Definition 3.1. Given b a locally integrable function from Rn to C and
1 ≤ q ≤ ∞, we denote for every cube I ∈ D
〈b〉I =
1
|I|
∫
I
b(x)dx, [b]I,q =
( 1
|I|
∫
I
|b(x)|qdx
) 1
q
.
Then the maximal function can be written as Mqb(x) = sup
x∈I∈C
[b]I,q.
3.1. The weak compactness condition.
Definition 3.2. Let 1 ≤ q1, q2 ≤ ∞, and b1, b2 be locally integrable
functions. A linear operator T satisfies the weak compactness condition
if there exists a bounded function FW satisfying Definition 2.2 such that
for every ǫ > 0 there exists M0 ∈ N so that
(6) |〈T (bα1χI), b
β
2χI〉| . |I|[b
α
1 ]I,q1[b
β
2 ]I,q2(FW (I;M) + ǫ)
for all I ∈ D, M > M0 and α, β ∈ {0, 1}. We note that b
0
i ≡ 1, b
1
i ≡ bi.
We say that T satisfies the weak boundedness condition if (6) holds
with a function FW for which some of the limits in (1) may not hold.
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Due to the presence of the exponents α, β, this definition is more re-
strictive than the classical concept of weak boundedness. But for most
operators the same calculations used to check the standard inequality
of weak boundedness (or compactness) suffice to establish (6). The
need for this particular formulation originates in Lemma 9.14.
The factor FW (I;M)+ǫ is justified by the result in Proposition 12.1.
In [14], some other alternative definitions of this property are discussed.
3.2. Characterization of compactness.
Definition 3.3. Let E be a Banach space of functions with domain in
Rn. Let (ψI)I∈D be a wavelet system in E and (ψ˜I)I be the dual system.
Then for M ∈ N we define the lagom projection operator by
PMf =
∑
I∈DM
〈f, ψ˜I〉ψI ,
where 〈f, ψ˜I〉 =
∫
Rd
f(x)ψ˜I(x)dx. Note that P
∗
Mf =
∑
I∈DM
〈f, ψI〉ψ˜I .
We also define P⊥Mf = f − PMf .
Remark 3.4. The unusual definition of 〈, 〉 in Definition 3.3 is a cus-
tomary license in the literature on Tb theorems.
To prove compactness of an operator on L2(Rn) it is enough to show
that 〈P ∗M
⊥TP⊥Mf, g〉 tends to zero uniformly for all f, g in the unit ball
of L2(Rn). The reason for this is the following decomposition:
Tf = P ∗MTf + P
∗
M
⊥TPMf + P
∗
M
⊥TP⊥Mf.
The first term is a finite rank operator and thus, compact on L2(Rn).
The adjoint of the second term, that is P ∗MT
∗P⊥M , is of finite rank and
so, the second term is also compact on L2(Rn). Therefore, we only
need to prove that the operator norm of the third term tends to zero.
3.3. The cancellation condition. The spaces CMOb(R
n) and
H1b (R
n). We now provide the definition of the space to which the func-
tions Tb1, T
∗b2 must belong when T is compact.
Notation 3.5. A locally integrable function b has non-zero dyadic av-
erages if 〈b〉I 6= 0 for all I ∈ D. Then, for I ∈ D and 1 ≤ q ≤ ∞, we
write CbI =
1
|〈b〉I |
+ 1
|〈b〉Ip |
and BbI,q =
[b]I,q
|〈b〉I |
+
[b]Ip,q
|〈b〉Ip |
, where I ∈ ch(Ip).
Definition 3.6. Let b1, b2 be locally integrable functions with nonzero
dyadic averages. Let (ψb2I )I be the wavelet system of Definition 9.2. We
define BMOb(R
n) as the space of locally integrable functions f such that
(7) sup
I∈I
( 1
|I|
∑
J∈D(I)
|αI,J |
2|〈f, ψ˜b2J 〉|
2
)1/2
<∞
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with αI,J = (B
b2
I,q2
)2
(
1 + 1
|〈b1〉J |
)
[b2]J,2
|〈b2〉J |
and similarly changing the roles
of b1 and b2.
We define CMOb(R
n) as the closure in BMOb(R
n) of the space of
continuous functions vanishing at infinity.
Since αI,J & 1, we have that BMOb(R
n) ⊆ BMO(Rn). When
bi are bounded and accretive, we have BMOb(R
n) = BMO(Rn) and
CMOb(R
n) = CMO(Rn). Next lemma gives a characterization of
CMOb(R
n) in terms of wavelet decompositions:
Lemma 3.7. The following statements are equivalent:
i) f ∈ CMOb(R
n),
ii) f ∈BMOb(R
n) with lim
M→∞
sup
I∈I
( 1
|I|
∑
J∈DM (I)c
|αI,J |
2|〈f, ψ˜b2J 〉|
2
)1/2
= 0,
and similarly changing the roles of b1 and b2.
Definition 3.8. A locally integrable function a is called a p-atom with
respect b and I ∈ D if it is compactly supported on Ip, it has mean zero
with respect to b and ‖aIb‖Lp(Rn) ≤ B
b
I,p|I|
−1/p′.
Then H1b (R
n) is the space of functions f =
∑
I∈D λIaI where λI ∈ C
with
∑
I∈D B
b
I,p|λI | <∞ and aI is a p-atom with respect to b and I.
We denote by ‖f‖H1b (Rn) the infimum of
∑
I∈D B
b
I,p|λI | among all
possible atomic decompositions.
3.4. Compatibility instead of accretivity. We define the class of
non-accretive testing functions available to characterize compactness.
Notation 3.9. Let T be a linear operator with compact Caldero´n-
Zygmund kernel and corresponding function FK. Let b1, b2 be locally
integrable functions with non-zero dyadic averages such that T satisfies
the weak compactness condition with function FW .
Let BF : D ×D → (0,∞) be defined by BF = B · F with
B(I, J) = Cb1I C
b2
J
(
〈Mq1b1〉I〈Mq2b2〉J
+ 〈Mq1(b1χI)〉I∧J〈Mq2(b2χJ)〉I∧J · χ rdist(I∧J,I∨J)≤3
)
F (I, J) = F˜K(I∧J, I∧J, 〈I, J〉) + FW (I;MT,ǫ)χI=J ,
where Cb1I are defined in Notation 3.5.
Definition 3.10 (Compatible testing functions). With previous nota-
tion, we say that b1, b2 are testing functions compatible with T if
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(8) sup
I, J ∈ D
BF (I, J)
( [b1]I,q1
|〈b1〉I |
)2( [b2]J,q2
|〈b2〉J |
)2
<∞,
(9) lim
M→∞
sup
I, J ∈ DcM
(I, J) ∈ FM
BF (I, J)
( [b1]I,q1
|〈b1〉I |
)2( [b2]J,q2
|〈b2〉J |
)2
= 0,
with q−11 +q
−1
2 < 1, and the supremum in (9) is calculated over the fam-
ily FM of ordered pairs of cubes I, J ∈ D
c
M such that either ℓ(I∧J) >
2M , ℓ(I∧J) < 2−M , or rdist(〈I, J〉,B) > Mθ for some θ ∈ (0, 1).
Lemmata 10.1 and 9.9 justify the feasibility of Definition 3.10, in
particular, equality (9).
Definition 3.11 (Compatible testing functions 2). We say that b1, b2
are testing functions compatible with Tb if
(10) sup
I, J ∈ D
BF (I, J)
(( [b1]Ip,q1
|〈b1〉I ||〈b1〉Ip|
)2
+
( [b2]Jp,q2
|〈b2〉J ||〈b2〉Jp|
)2)
<∞,
(11) lim
M→∞
sup
I, J ∈ DcM
(I, J) ∈ FM
BF (I, J)
(( [b1]Ip,q1
|〈b1〉I ||〈b1〉Ip|
)2
+
( [b2]Jp,q2
|〈b2〉J ||〈b2〉Jp|
)2)
=0,
4. Statement of the main results
4.1. Main result on compactness.
Theorem 4.1. Let 1 < p < ∞ and T be a linear operator associated
with a standard Caldero´n-Zygmund kernel K.
Then T extends compactly on Lp(Rn) if and only if K is a compact
Caldero´n-Zygmund kernel and there exist functions b1, b2 compatible
with T so that T satisfies the weak compactness condition and Tb1, T
∗b2 ∈
CMOb(R
n).
If we assume that b1, b2 ∈ L
∞(Rn) and that they are compatible with
Tb, then the same three conditions characterize compactness of Tb.
Given a domain Ω ⊂ Rd+1 and S = ∂Ω, the Double Layer Potential
operator K is defined as follows
K(f)(x) = lim
ǫ→0
∫
S∩B(x,ǫ)c
f(y)
〈
ν(y),
x− y
|x− y|d
〉
dσ(y)
where ν is the exterior unit normal vector to the surface S and σ is the
surface measure on S. Then Theorem 4.1 proves compactness of K for
a large class of domains Ω.
A GLOBAL Tb THEOREM FOR COMPACTNESS AND BOUNDEDNESS 9
4.2. The result on boundedness. Theorem 4.1 can also character-
ize bounded operators with a standard Caldero´n-Zygmund kernel, just
omitting the considerations of limits in (1) going to zero. For exam-
ple, we can consider a kernel K satisfying inequality (2) with auxiliary
function FK defined only by the function S, without L and D. De-
spite the associated operator cannot be compact, it might be bounded
and, in that case, the testing functions used to check its boundedness
do not need to satisfy the accretivity condition for small cubes. In
this line, Corollary 4.2 describes when boundedness of singular integral
operators can be checked by means of non-accretive testing functions.
The following result holds:
Corollary 4.2. Let 1 < p <∞ and T be a continuous linear operator
associated with a standard Caldero´n-Zygmund kernel.
Then T extends boundedly on Lp(Rn) if and only if there exist func-
tions b1, b2 compatible with T and such that T satisfies the weak bound-
edness condition and Tb1, T
∗b2 ∈ BMOb(R
n).
If b1, b2 ∈ L
∞(Rn) and they are compatible with Tb, then the same
two conditions characterize boundedness of Tb.
Corollary 4.2 can be applied to prove boundedness of the double and
single layer potential operators associated with boundary value prob-
lems for degenerate elliptic equations in divergence form, div(A∇u)−
V · u = 0, with appropriate non-negative potentials. In [3] it is shown
that the Riesz potentials associated with these equations have kernels
that decay for large cubes or cubes that are away from the origin, but
not for small cubes. This would correspond to the case in which the
functions L and D tend to zero, but not the function S.
5. On compact Caldero´n-Zygmund kernels
In this section we describe some properties of the auxiliary functions
L, S, D, and F of Definition 2.2.
We first note that, without loss of generality, L and D can be as-
sumed to be non-creasing while S can be assumed to be non-decreasing.
These assumptions imply analog properties to F and F˜ .
Regarding the equivalent formulation (3) given after Definition 2.3,
we note that in the next lemma and forthcoming results we will often
consider the particular case when t′ = t and x′ = c(J):
FK(t, x, c(J)) = L(|t− c(J)|∞)S(|x− c(J)|∞)D
(
1 +
|t+ c(J)|∞
1 + |t− c(J)|∞
)
.
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Lemma 5.1. For I, J ∈ C, we write ∆I,J = {t ∈ R
n : ℓ(〈I, J〉)/2 <
|t− c(J)|∞ ≤ ℓ(〈I, J〉)}. Then, for t ∈ I ∩∆I,J and x ∈ J , we have
FK(t, x, c(J)) . FK(〈I, J〉, J, 〈I, J〉)
with FK(〈I, J〉, J, 〈I, J〉) = L(ℓ(〈I, J〉))S(ℓ(J))D( rdist(〈I, J〉,B)).
Proof. Since L is non-creasing and S is non-decreasing, |t − c(J)|∞ >
ℓ(〈I, J〉)/2, |x− c(J)|∞ ≤ ℓ(J)/2, we only need to bound the factor D.
For all t ∈ I, we have |t− c(J)|∞ ≤ diam(I ∪ J) = ℓ(〈I, J〉). Then,
using |c(J)|∞ ≤ (|t− c(J)|∞ + |t+ c(J)|∞)/2, we get
1+
|c(J)|∞
1 + ℓ(〈I, J〉)
≤ 1 +
|c(J)|∞
1 + |t− c(J)|∞
≤
3
2
(
1 +
|t+ c(J)|∞
1 + |t− c(J)|∞
)
.
(12)
Now, since |c(I)|∞− |c(J)|∞ ≤ |c(I)− c(J)|∞ ≤ ℓ(〈I, J〉), we bound
below the numerator in the left hand side of (12) as follows:
1 + ℓ(〈I, J〉) + |c(J)|∞ ≥ 1 +
ℓ(〈I, J〉)
2
+
|c(I)|∞ − |c(J)|∞
2
+ |c(J)|∞
≥
1
2
(
1 + ℓ(〈I, J〉) +
1
2
|c(I) + c(J)|∞
)
.
Therefore,
1 +
|c(J)|∞
1 + ℓ(〈I, J〉)
≥
1
3
(3
2
+
|c(I) + c(J)|∞/2
1 + ℓ(〈I, J〉)
)
.
Now, since (c(I)+c(J))/2 ∈ 〈I, J〉, we have |(c(I)+c(J))/2−c(〈I, J〉)|∞ ≤
ℓ(〈I, J〉)/2 and so, we can bound below previous expression by
1
3
(3
2
+
|c(〈I, J〉)|∞
1 + ℓ(〈I, J〉)
−
1
2
)
≥
1
3
(
1+
|c(〈I, J〉)|∞
2max(ℓ(〈I, J〉), 1)
)
& rdist(〈I, J〉,B).
Then, omitting constants and using that D is non-creasing, we get
FK(t, x, c(J)) . L(ℓ(〈I, J〉))S(ℓ(J))D( rdist(〈I, J〉,B)).
6. Estimates near the diagonal
In Lemma 6.2, we prove a Hardy’s inequality for compact operators.
Lemma 6.1. Let 1 ≤ q1, q2 ≤ ∞ such that
1
q1
+ 1
q2
< 1, and let K
be a compact Caldero´n-Zygmund kernel. For every I ∈ D and every
bounded functions f, g,
|〈Tb(fχ(3I)\I), gχI〉| . |I|[fb1]3I,q1[gb2]I,q2F˜K(I)(13)
where F˜K is given in Definition 2.2.
Previous lemma follows after proving the following result:
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Lemma 6.2. With the same hypotheses, let I, I ′ ∈ D be such that
ℓ(I) = ℓ(I ′) and dist(I, I ′) = 0. Let f, g be integrable and compactly
supported on I and I ′ respectively. Then
|〈Tbf, g〉| . |I|[fb1]I,q1[gb2]I′,q2F˜K(I).(14)
Proof (of Lemma 6.1). We first assume n
q1
+ 1
q2
< 1. We define the
kernels Kǫ(t, x) = K(t, x) if |t− x|∞ > ǫ and zero otherwise. Then
|〈Tbf, g〉| ≤ sup
m>0
∫
I′
∫
I
|K 1
m
(t, x)||f(t)b1(t)||g(x)b2(x)|dtdx = sup
m>0
Am.
Let θ ∈ (0, 1) such that S(θ) ≤ F˜ (I). We denote Iθ,0 = θI, Iθ,1 =
I\Iθ and similar for I
′. Then
Am ≤
∑
i,j∈{0,1}
∫
I′θ,j
∫
Iθ,i
|K 1
m
(t, x)||f(t)b1(t)||g(x)b2(x)|dtdx
≤ |I|
1
q1
+ 1
q2 [fb1]I,q1[gb2]I′,q2
∑
i,j∈{0,1}
‖K 1
m
χIθ,i×I′θ,j‖Lq′2Lq′1 (R2n)
From the kernel decay condition (4), we have
(15) ‖K 1
m
χIθ,i×I′θ,j‖Lq′2Lq′1 (R2n) .
(∫
I′θ,j
( ∫
Iθ,i
FK(t, x)
q′1
|t− x|
q′1n
∞
dt
) q′2
q′1 dx
) 1
q′2
with FK(t, x) = L(|t− x|∞)S(|t− x|∞)D(1 +
|t+x|∞
1+|t−x|∞
).
When i = j = 1, we have 0 < |t − x|∞ ≤ θ in the domain
of integration and so, by the reasoning in the proof of Lemma 5.1,
FK(t, x) . S(θ). Then the left hand side of (15) can be bounded by
(16) S(θ)
(∫
I′
(∫
I
1
|t− x|
q′1n
∞
dt
) q′2
q′
1 dx
) 1
q′
2 .
In all remains cases, we have θ < |t− x|∞ . ℓ(I), |x− c(I)|∞ . ℓ(I)
and |(t+x)/2−c(I)|∞ . ℓ(I) in the domain of integration. Then, by the
proof of Lemma 5.1, we have FK(t, x) ≤ L(|t−x|∞)S(ℓ(I))D( rdist(I,B)).
With this and using Ho¨lders’s inequaltiy for q˜′i = (1 + ǫ)q
′
i with ǫ > 0
sufficiently small, the left hand side of (15) can be bounded by
(17) L¯(ℓ(I))S(ℓ(I))D( rdist(I,B))
(∫
I′
(∫
I
1
|t− x|
q˜′1n
∞
dt
) q˜′2
q˜′
1 dx
) 1
q˜′
2 ,
where
L¯(ℓ(I)) =
(∫
I′
(∫
I
L(|t− x|∞)
q′1n(1+ǫ
−1)dt
) q′2
q′
1 dx
) 1
q′2(1+ǫ
−1)
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still satisfies the limit properties of (1). Now we work to bound the
double integral in (16), being the integral in (17) very similar.
For dist∞(x, I) ≤ ρ ≤ dist∞(x, I) + ℓ(I), we denote J(x, ρ) = {t ∈
Iθ : |t− x|∞ = ρ}, which satisfies |J(x, ρ)| . 2
nρn−1. Then, the double
integral in (16) can be bounded by
(∫
I′
(∫ dist∞(x,I)+ℓ(I)
dist∞(x,I)
∫
J(x,ρ)
1
ρq
′
1n
dudρ
) q′2
q′1 dx
) 1
q′2
.
(∫
I′
(∫ dist∞(x,I)+ℓ(I)
dist∞(x,I)
1
ρ(q
′
1−1)n+1
dρ
) q′2
q′
1 dx
) 1
q′
2(18)
We consider first 1 < q1 <∞, for which (18) can be bounded by
(∫
I′
dist∞(x, I)
−n
q′2
q1 dx
) 1
q′
2 .
For 0 ≤ ρ ≤ ℓ(I), we denote J ′ρ = {x ∈ I
′ : dist∞(x, I) = ρ}, which sat-
isfies |J ′ρ| . ℓ(I)
n−1. Then, since n
q′2
q1
< 1, we bound the last expression
by a constant times
(
ℓ(I)n−1
∫ ℓ(I)
0
ρ
−n
q′2
q1 dρ
) 1
q′2 .
(
ℓ(I)n−1ℓ(I)
1−n
q′2
q1
) 1
q′2 = |I|
1
q′
2
+ 1
q′
1
−1
.
Finally, when q1 =∞ and q2 > 1, we use the same notation to bound
the expression prior to (18) by
(∫
I′
∣∣∣ log(1 + ℓ(I)
dist∞(x, I)
)∣∣∣q′2dx)
1
q′2
≤
(
ℓ(I)n−1
∫ ℓ(I)
0
∣∣∣ log (1 + ℓ(I)
ρ
)∣∣∣q′2dρ)
1
q′
2
≤ |I|
1
q′
2
(∫ ∞
1
| log(1 + ρ)|q
′
2
1
ρ2
dρ
) 1
q′
2 . |I|
1
q′
2
+ 1
q′
1
−1
With all this and the choice of θ, we get
Am ≤ |I|
1
q1
+ 1
q2 [fb1]I,q1[gb2]I′,q2|I|
1
q′
2
+ 1
q′
1
−1
(S(θ) + F˜K(I))
. |I|[fb1]I,q1[gb2]I′,q2F˜K(I)
By symmetry, we have the same result under the assumption that
1
q1
+ n
q2
< 1. Now, we can interpolate between the cases q1,α0 > 1,
q2,α0 = ∞ and q1,α1 = ∞, q2,α1 > 1. This way we obtain the result for
1
q¯1
+ 1
q¯2
= 1−α
q1,α0
+ α
q2,α1
< 1.
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7. The definition of Tbi
Lemma 7.1 below defines Tb1, T
∗b2 for locally integrable testing func-
tions b1, b2 as functionals in the dual of the subspace of C0(R
n) of func-
tions with mean zero with respect b2 or b1 respectively.
Then the hypothesis that Tb1 ∈ BMOb(R
n) means that |〈Tb1, f〉| =
|〈Tb1, b2f〉| ≤ C holds for a dense subset of the unit ball of H
1
b (R
n).
Furthermore, the hypothesis Tb1 ∈ CMOb(R
n) means that
lim
M→∞
|〈P⊥MTb1, f〉| = 0
holds uniformly in a dense subset of the unit ball of H1b (R
n). In par-
ticular, we verify this estimate for f ∈ C0(R
n) with mean zero with
respect b2. The necessity of Tb1 ∈ CMOb(R
n) when T is a compact
operator appears in Proposition 12.3.
Lemma 7.1. Let T be a linear operator associated with a compact
Caldero´n-Zygmund kernel K with parameter 0 < δ < 1. Let b1, b2 be
test functions compatible with T .
Let J ∈ C, f locally integrable with support on J and mean zero with
respect to b2. Then the limit Lb(f) = limk→∞〈Tbχ2kJ , f〉 exists.
Moreover, for all k ≥ 2
|Lb(f)− 〈Tbχ2kJ , f〉| . 2
−kδ|J |〈Mq1b1〉2kJ [b2f ]J,q2FK(I, J, I).(19)
Proof. For k ≥ 2, we denote ∆k = (2
k+1J)\(2kJ) = {t ∈ Rn :
2k−1ℓ(J) ≤ |t − c(J)|∞ ≤ 2
kℓ(J)} and Ψk = χ∆k .We aim to estimate
|〈TbΨk, f〉|. For t ∈ supΨk = ∆k and x ∈ sup f ⊂ J , we have
(20) |x− c(J)|∞ ≤ ℓ(J)/2 < ℓ(J)2
k−2 ≤ 2−1|t− c(J)|∞.
Then t and x cannot be equal, which implies that the supports of Ψk
and f are disjoint. Therefore, we can use the kernel representation and
the zero mean of f with respect to b2 to write
〈TbΨk, f〉 =
∫
J
∫
∆k
Ψk(t)f(x)(K(t, x)−K(t, c(J)))b1(t)b2(x) dtdx.
Whence, |〈TbΨk, f〉| can be bounded by
‖b1χI‖Lq1 (2k+1J)‖fb2‖Lq2 (J)
(∫
J
(∫
∆k
|K(t, x)−K(t, c(J))|q
′
1 dt
) q′2
q′1 dx
) 1
q′2 .
We denote the last factor by Int. By (20) and the smoothness condition
of a compact Caldero´n-Zygmund kernel, we have
Int .
( ∫
J
( ∫
∆k
|x− c(J)|
q′1δ
∞
|t− c(J)|
(n+δ)q′1
∞
FK(t, x, c(J))
q′1 dt
) q′2
q′
1 dx
) 1
q′
2
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with FK(t, x, c(J)) = L(|t − c(J)|∞)S(|x − c(J)|∞)D(1 +
|t+c(J)|∞
1+|t−c(J)|∞
).
By Lemma 5.1, FK(t, x, c(J)) . FK(2
kJ, J, 2kJ) and so,
Int .
ℓ(J)δ
(2kℓ(J))n+δ
FK(2
kJ, J, 2kJ)|∆k|
1
q′
1 |J |
1
q′
2 .
With this and |∆k| . 2
(k+1)n|J |, we have
|〈TbΨk, f〉| . [b1]2k+1J,q1|2
k+1J |
1
q1 [fb2]J,q2|J |
1
q2
|∆k|
1
q′1 |J |
1
q′2
2k(n+δ)|J |
FK(2
kJ, J, 2kJ)
. 2−kδ|J |[b1]2k+1J,q1[fb2]J,q2FK(2
kJ, J, 2kJ) . 2−kδ|J |
by hypothesis (8). The right hand side of previous inequality tends to
zero when k tends to infinity, proving that the sequence (〈Tbχ2kJ , f〉)k≥2
is Cauchy and thus, the existence of the limit, which we write as Lb(f).
Now, the stated rate of convergence follows by summing a geometric
series. For every k′ ≥ 2, we have
|Lb(f)− 〈Tbχ2kJ , f〉| ≤ lim
m→∞
|Lb(f)− 〈Tbχ2mJ , f〉|+
∞∑
k′=k
|〈TbΨk′, f〉|
. |J |[fb2]J,q2
∞∑
k′=k
2−k
′δ[b1]2k′+1J,q1FK(2
k′J, J, 2k
′
J)
. |J |[fb2]J,q2L(2
kJ)S(J)
∞∑
k′=k
2−k
′δ[b1]2k′+1J,q1D(2
k′J),
using ℓ(2kJ) ≤ ℓ(2k
′
J) and that L is non-decreasing. For k′ ≥ k we
have [b1]2k′+1J,q1 ≤ infx∈2kJ(Mq1b1)(x) ≤ 〈Mq1b1〉2kJ and so, we obtain
|Lb(f)− 〈Tbχ2kJ , f〉| . 2
−kδ|J |〈Mq1b1〉2kJ [fb2]J,q2
L(2kJ)S(J)
∞∑
k′=0
2−k
′δD(2k
′
(2kJ)).
8. The operator acting on bump functions
In this section, we develop estimates of the dual pair 〈TbhI , hJ〉 in
terms of the space and frequency location of the bump functions hI , hJ .
Proposition 8.2 is an improvement of the analog result in [14]. Although
the new proof is influenced by the works [4], [13], [9], we follow a
different approach: we modify the proof in [14] by implementing all
the necessary changes to deal with non-continuous bump functions.
Definition 8.1. Let b be locally integrable with 〈b〉I 6= 0 for all I ∈ D.
We write hbI = |I|
1
2
(
1
|I|〈b〉I
χI −
1
|Ip|〈b〉Ip
χIp
)
, where I ∈ ch(Ip).
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We note that ‖hbI‖Lq(Rn) . C
b
I |I|
1
q
− 1
2 and ‖hbIb‖Lq(Rn) . B
b
I,q|I|
1
q
− 1
2 ,
with constants defined in 3.5.
Proposition 8.2. Let T be a linear operator with a compact C-Z kernel
K and parameter 0 < δ < 1. Let 1 < qi ≤ ∞ with q
−1
1 + q
−1
2 < 1 and
b1, b2 be functions compatible with T . We assume that T satisfies the
weak compactness condition and Tb1 = T
∗b2 = 0.
Let I, J ∈ D and hI = h
b1
I , hJ = h
b2
J as in Definition 8.1.
1) When rdist(Ip, Jp) > 3,
• |〈Tb(hI), hJ〉| .
ec(I, J)
n
2
+δ
rdist(I, J)n+δ
B1(I, J)F1(I, J),
with B1(I, J) = B
b1
I,q1
Bb2J,q2 and F1(I, J) = FK(〈I, J〉, I∧J, 〈I, J〉).
2) When rdist(Ip, Jp) ≤ 3 and inrdist(Ip, Jp) > 1,
• |〈Tb(hI), hJ〉| .
ec(I, J)
n
2
inrdist(I, J)δ
B2(I, J)F2(I, J),
where now,
B2(I, J) = α
∑
R∈{I,Ip}
〈Mq1b1〉R
|〈b1〉R|
∑
R∈{J,Jp}
〈Mq2b2〉R
|〈b2〉R|
+ Cb1I C
b2
J 〈Mq1(b1χI)〉I∧J〈Mq2(b2χJ)〉I∧J ,
F2(I, J) = F˜K(〈I, J〉, I∧J, 〈I, J〉) + FK(I∧J, I∧J, 〈I, J〉)
with α = 1 if I∧J ( I∨J , α = 0 otherwise, and F˜K as in def. 2.2.
3) When rdist(Ip, Jp) ≤ 3 and inrdist(Ip, Jp) = 1,
• |〈Tb(hI), hJ〉| . ec(I, J)
n
2 (B2(I, J)F2(I, J) +B3(I, J)F3(I, J)),
where B2, F2 are as before and, when I 6= J ,
B3(I, J) = C
b1
I [b1]3(Ip∧Jp),q1C
b2
J [b2]3(Ip∧Jp),q1, F3(I, J) = F˜K(I∧J)
while when I = J ,
B3(I, J)=
∑
I′,I′′∈ch(Ip)
Cb1I′ [b1]I′,q1C
b2
I′′ [b2]I′′,q2, F3(I, J)= F˜K(I)+FW (I;MT,ǫ)+ǫ
for every ǫ > 0 with the value MT,ǫ given in Definition 3.2.
Remark 8.3. We note that BF in Definition 3.10 of compatible testing
function dominates all terms Bi ·Fi in the statement of Proposition 8.2.
In fact, Fi(I, J) . F˜K(I∧J, I∧J, 〈I, J〉) + FW (I;MT,ǫ). Moreover,
[b1]I,q1 . infI Mq1b1 . 〈Mq1b1〉I .
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We note that 2 rdist(Ip, Jp) − 1 ≤ rdist(I, J) ≤ 2( rdist(Ip, Jp) + 1)
and 2 inrdist(Ip, Jp) ≤ inrdist(I, J) ≤ 2 inrdist(Ip, Jp) + 1.
Proof. By symmetry, we assume ℓ(J) ≤ ℓ(I). Let ψ(t, x) = hI(t)hJ(x),
which is supported on Ip×Jp and has mean zero in the variable x with
respect to b2.
a) When 3ℓ(Ip) < diam(Ip ∪Jp), we have that (5Ip)∩Jp = ∅ and so,
we can use the kernel representation and the zero mean of ψ to write
〈TbhI , hJ〉 =
∫
Jp
∫
Ip
ψ(t, x)(K(t, x)−K(t, c(Jp)))b1(t)b2(x) dtdx.
Now, (5Ip)∩ Jp = ∅ and ℓ(Jp) ≤ ℓ(Ip) imply diam(Ip ∪ Jp) ≤ ℓ(Ip) +
|c(Ip)− c(Jp)|∞. With this and |t− c(Ip)|∞ ≤ ℓ(Ip)/2, we prove:
|t− c(Jp)|∞ ≥ |c(Ip)− c(Jp)|∞ − |t− c(Ip)|∞
≥ diam(Ip ∪ Jp)− 3ℓ(Ip)/2 > diam(Ip ∪ Jp)/2,
|t− c(Jp)|∞ ≤ |c(Ip)− c(Jp)|∞ + ℓ(Ip)/2 ≤ diam(Ip ∪ Jp).
Then,
|〈TbhI , hJ〉| ≤ ‖hIb1‖Lq1 (I)‖hJb2‖Lq2 (J)
(∫
Jp
(∫
I∩∆Ip,Jp
|K(t, x)−K(t, c(Jp))|
q′1 dt
) q′2
q′
1 dx
) 1
q′
2 ,(21)
where ∆Ip,Jp = {t ∈ R
n : ℓ(〈Ip, Jp〉)/2 < |t− c(Jp)|∞ ≤ ℓ(〈Ip, Jp〉)}.
We denote by Int the integral in (21). From 3ℓ(Ip) < diam(Ip∪Jp) ≤
ℓ(Ip)+|c(Ip)−c(Jp)|∞, we get 2ℓ(Ip) < |c(Ip)−c(Jp)|∞. This inequality
and |x− c(Jp)|∞ ≤ ℓ(Jp)/2 imply
|t− c(Jp)|∞ ≥ 2ℓ(Ip)− ℓ(Ip)/2 ≥ 3ℓ(Jp)/2 ≥ 3|x− c(Jp)|∞.
Then, by the smoothness condition of a compact C-Z kernel,
Int .
(∫
Jp
(∫
I∩∆Ip,Jp
|x− c(Jp)|
δq′1
∞
|t− c(Jp)|
(n+δ)q′1
∞
FK(t, x, c(Jp))
q′1dt
) q′2
q′
1 dx
) 1
q′
2 ,
with FK(t, x, c(Jp)) = L(|t−c(J)|∞)S(|x−c(Jp)|∞)D
(
1+ |t+c(Jp)|∞
1+|t−c(Jp)|∞
)
.
By Lemma 5.1, FK(t, x, c(Jp)) . FK(〈I, J〉, J, 〈I, J〉) and so,
Int . |I|
1
q′
1 |J |
1
q′
2
ℓ(J)δ
ℓ(〈I, J〉)n+δ
FK(〈I, J〉, J, 〈I, J〉).
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We then continue the bound in (21) as
|〈TbhI , hJ〉| . BI,q1|I|
− 1
2
+ 1
q1BJ,q2|J |
− 1
2
+ 1
q2
|I|
1
q′1 |J |
1
q′2
ℓ(J)δ
ℓ(〈I, J〉)n+δ
FK(〈I, J〉, J, 〈I, J〉)
=
(ℓ(J)
ℓ(I)
)n
2
+δ( ℓ(I)
ℓ(〈I, J〉)
)n+δ
B1(I, J)F1(I, J).
This is the result corresponding to the case 1) in the statement.
b) When diam(Ip ∪ Jp) ≤ 3ℓ(Ip), we have Jp ⊂ 5Ip.
We denote by I˜p =
ℓ(I)
ℓ(J)
Jp, the cube with c(I˜p) = c(Jp), ℓ(I˜) = ℓ(I).
Let e ∈ N such that 2e = ℓ(I)
ℓ(J)
≥ 1. We write ϕR =
|R|1/2
|R|〈b1〉R
χR with
R ∈ {I, Ip} and define h˜I(t) = ϕI(c(Jp))χI∩I˜p(t) − ϕIp(c(Jp))χIp∩I˜p(t).
Then we perform the decomposition
ψ = ψ0 + ψ1,
ψ1(t, x) = h˜I(t)hJ (x)
We work first with the term ψ1. We denote by ψR(x) = ϕR(c(Jp))hJ(x),
which satisfies ψI ≡ 0, ψIp ≡ 0 when Jp ⊂ (5Ip)\Ip and
‖ψRb2‖Lq2 (Rn) . |〈b1〉R|
−1|R|−
1
2Bb2J,q2|J |
1
q2
− 1
2 .
•When inrdist(Ip, Jp) > 1, we have either Jp ⊂ (5Ip)\Ip with ℓ(J) ≤
ℓ(I), or Jp ( Ip with ℓ(J) ≤ ℓ(I)/8. In the former case h˜I ≡ 0 and
so, we have that e ≥ 3. Then, by the special cancellation condition
Tb1 = 0, equalities ℓ(I˜p) = 2
eℓ(Jp) and |I| ≤ |R|, hJ being supported
on Jp with mean zero with respect to b2 and the error estimate (19) of
Lemma 7.1 with the selected e ≥ 3, we can bound the contribution of
ψ1 by ∑
R∈{I,Ip}
|〈TbχI∩I˜p, ψR〉| =
∑
R∈{I,Ip}
|〈TbχR∩I˜p, ψR〉 − 〈Tb1, b2ψR〉|
. 2−eδ|J |
∑
R∈{I,Ip}
inf
x∈R∩2e+1J
Mq1b1(x)[ψRb2]J,q2F˜K(2
eJ, J, 2eJ)
.
(
ℓ(J)
ℓ(I)
)δ
|J |Bb2J,q2|J |
− 1
2 |I|−
1
2
∑
R∈{I,Ip}
infx∈RMq1b1(x)
|〈b1〉R|
F˜K(I˜ , J, I˜)
.
(
ℓ(J)
ℓ(I)
)n
2
+δ ∑
R∈{I,Ip}
〈Mq1b1〉K
|〈b1〉K |
Bb2J,q2F˜K(I, J, I).(22)
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The last two inequalities are due to the facts that I ⊂ Ip ⊂ 2I˜p and that
ℓ(I˜) = ℓ(I), |c(Ip)− c(I˜p)|∞ . ℓ(I) imply rdist(I˜,B) ≈ rdist(I,B).
Since Jp ⊂ 5Ip implies ℓ(Jp) + dist∞(Jp,DIp) ≤ 2ℓ(Ip), we have that
ec(I, J) = ℓ(Jp)
ℓ(Ip)
.
ℓ(Jp)
ℓ(Jp)+dist∞(Jp,DIp)
. inrdist(Ip, Jp)
−1 and so, (22) is
smaller than the first term of case 2) in the statement.
• When inrdist(Ip, Jp) = 1, if e ≥ 2 we can proceed exactly in the
same way. The cases e = 0 or e = 1 will be treated at the end.
c) Now, we work with the term ψ0(t, x) = (hI(t)−h˜I(t))hJ(x), which
we further decompose as follows:
ψ0 = ψout + ψin,
ψin(t, x) = ψ0(t, x)χ3Jp(t).
c.1) We work first with
ψout(t, x) = (hI(t)− h˜I(t))(1− χ3Jp(t))hJ(x)(23)
and divide the study in two parts:
• When Jp ⊂ (5Ip)\Ip, we have ϕK(c(Jp)) = 0 for K ∈ {I, Ip}.
Then h˜I(t) = 0 and ψout(t, x) = hI(t)(1 − χ3Jp(t))hJ (x). Con-
sequently, ψout(t, x) 6= 0 implies t ∈ Ip ∩ (3Jp)
c and
|t− c(Jp)|∞ ≥
ℓ(Jp)
2
+ dist∞(Ip, Jp) =
ℓ(Jp)
2
+ dist∞(Jp,DIp).
• When Jp ⊆ Ip, we further divide in two more cases:
– When Jp = Ip, we have I˜p = Ip. Then hI = h˜I and so,
ψout(t, x) ≡ 0.
– When Jp ( Ip, we have that Jp ⊆ I
′ for some I ′ ∈ ch(Ip).
Then hI(t) = ϕI(c(Jp))−ϕIp(c(Jp)) for all t ∈ I
′ and, from
(23), we get ψout(t, x) = 0. That is, ψout(t, x) 6= 0 implies
t ∈ (Ip\I
′) ∩ (3Jp)
c, getting again
|t−c(Jp)|∞ ≥
ℓ(Jp)
2
+dist∞(I\I
′, Jp) =
ℓ(Jp)
2
+dist∞(Jp,DIp).
In both cases then, |t − c(Jp)|∞ ≥
1
2
inrdist(Ip, Jp)ℓ(Jp). Also in
both cases, |t − c(Jp)|∞ ≤ diam(Ip ∪ Jp) ≤ 3ℓ(Ip) and |t − c(Jp)|∞ ≥
3ℓ(Jp)/2 > ℓ(Jp). The latter inequality and |x − c(Jp)|∞ ≤ ℓ(Jp)/2
imply 2|x− c(Jp)|∞ < |t− c(Jp)|∞. Then we can use the kernel repre-
sentation and the zero mean of ψout with respect to b2 to write
〈Tb((hI − h˜I)(1− χ3Jp)), hJ〉
=
∫
Jp
∫
Ip∩J¯
ψout(t, x)(K(t, x)−K(t, c(Jp)))b1(t)b2(x) dtdx,(24)
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where J¯ = {t ∈ Rn : ℓ(Jp)/2 + dist∞(Jp,DIp) < |t− c(Jp)|∞ ≤ 3ℓ(Ip)}.
Now, we decompose J¯ ⊂
⋃m1
m=m0
Jm, where
Jm = {t ∈ Ip : 2
mℓ(Jp) < |t− c(Jp)|∞ ≤ 2
m+1ℓ(Jp)},
withm0 = log( inrdist(Ip, Jp)/4) & log( inrdist(I, J)) andm1 = log(3
ℓ(I)
ℓ(J)
).
Since Jm is the difference of two concentric cubes with diameters 2m+1ℓ(Jp)
and 2m+2ℓ(Jp), with abuse of notation we write ℓ(J
m) = 2m+2ℓ(Jp) and
c(Jm) = c(Jp). This way, the modulus of (24) can be bounded by
m1∑
m=m0
‖ψout‖L∞(Jm)×L∞(Jp)‖b1χI‖Lq1 (Jm)‖b2‖Lq2 (Jp)(25)
(∫
Jp
(∫
Ip∩Jm
|K(t, x)−K(t, c(Jp))|
q′1 dt
) q′2
q′
1 dx
) 1
q′
2 .
We note that ‖ψout‖L∞(Jm)×L∞(Jp) . C
b1
I |I|
− 1
2Cb2J |J |
− 1
2 . By the smooth-
ness property (2), we estimate the double integral, denoted again Int:
(26) Int ≤
(∫
Jp
(∫
Jm
|x− c(Jp)|
q′1δ
|t− c(Jp)|
q′1(n+δ)
∞
FK(t, x, c(Jp))
q′1dt
) q′2
q′
1 dx
) 1
q′
2
with FK(t, x, c(Jp)) = L(|t−c(Jp)|∞)S(|x−c(Jp)|∞)D
(
1+ |t+c(Jp)|∞
1+|t−c(Jp)|∞
)
.
Since 2m+2ℓ(J) ≥ 2m+1ℓ(Jp) ≥ |t − c(Jp)|∞ > 2
mℓ(Jp) ≥ ℓ(J) and
|x− c(Jp)|∞ ≤ ℓ(J), by the proof of Lemma 5.1, we have
FK(t, x, c(Jp)) ≤ L(ℓ(J))S(ℓ(J))D
(
1 +
|c(J)|∞
1 + 2m+2ℓ(J)
)
.
Moreover, since Jm ⊂ 10Ip, we get
1 +
|c(Jp)|∞
1 + 2m+2ℓ(J)
≥ 1 +
|c(Jm)|∞
1 + 2m+3ℓ(J)
& rdist(Jm,B)
≥ rdist(10Ip,B) & rdist(I,B),
with clear meaning of rdist(Jm,B) despite Jm is not a cube. Then
FK(t, x, c(Jp)) ≤ L(ℓ(J))S(ℓ(J))D( rdist(I,B)) = FK(J, J, I).
With this and |Jm| ≈ 2mn|J |, we continue the bound in (26) as
Int . FK(J, J, I)
ℓ(J)δ
(2mℓ(J))n+δ
|Jm|
1
q′
1 |J |
1
q′
2
. FK(J, J, I)2
−mδ|Jm|
− 1
q1 |J |
1
q′
2 .
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Therefore, we can estimate (25) by
m1∑
m=m0
Cb1I |I|
− 1
2Cb2J |J |
− 1
2 [b1χI ]Jm,q1|J
m|
1
q1 [b2]J,q2|J |
1
q2
|Jm|
− 1
q1 |J |
1
q′2FK(J, J, I)2
−mδ
.
(
|J |
|I|
) 1
2
[b2]J,q2FK(J, J, I)
m1∑
m=m0
2−mδ[b1χI ]Jm,q1.
Now, since Jm ⊂ 2m+2Jp ⊂ 14I, we have
[b1χI ]
q1
Jm,q1
.
1
2mn|J |
∫
2m+2Jp∩I
|b1(x)|
q1dx . [b1χI ]
q1
2m+2Jp,q1
Moreover [b1χI ]2m+2Jp,q1 ≤ inf
x∈J
Mq1(b1χI)(x) ≤ 〈Mq1(b1χI)〉J and so,
|〈Tb((hI − h˜I)(1− χ3Jp)), hJ〉|
. ec(I, J)
n
2 〈Mq1(b1χI)〉J [b2]J,q2FK(J, J, I)
∑
m≥log( inrdist(I,J))
2−mδ
.
ec(I, J)
n
2
inrdist(I, J)δ
〈Mq1(b1χI)〉J [b2]J,q2FK(J, J, I),
smaller than the second term of case 2) and the first term of case 3).
c.2) We now work with
ψin(t, x) = (hI(t)− h˜I(t))χ3Jp(t)hJ(x).(27)
c.2.1) We first consider the case ℓ(J) < ℓ(I).
We start by showing that when inrdist(Jp, Ip) > 1, we have ψin ≡ 0
and so, this term does not appear in case 2) in the statement. As
said before, the cubes for which inrdist(Jp, Ip) > 1 satisfy either Jp ⊂
(5Ip)\Ip with Ip ∩ 3Jp = ∅ or 3Jp ( Ip with ℓ(J) ≤ ℓ(I)/8 . In the
former case, we have hI(t)χ3Jp(t) = h˜I(t) = 0 and so, ψin ≡ 0. In
the latter case, we get 3Jp ⊆ I
′ for some I ′ ∈ ch(Ip) and 3Jp ⊂ I˜p.
Therefore, hI(t)χ3Jp(t) = h˜I(t)χ3Jp(t) and ψin ≡ 0 again.
We now consider those cubes J such that inrdist(Jp, Ip) = 1. The
cardinality of this family of cubes is at most cn(ℓ(I)/ℓ(J))n−1 for some
constant c > 1. As before, we divide in two cases:
• When Jp ⊆ (5Ip)\Ip, we have ϕK(c(Jp)) = 0 for K ∈ {I, Ip}
and (27) reduces to
ψin(t, x) = hI(t)χ3Jp(t)hJ(x) = hI(t)χ(3Jp)\Jp(t)hJ(x),
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since Ip∩Jp = ∅. We also note that in this case, hI and hJ have
disjoint compact support.
• When Jp ( Ip, we have Jp ⊆ I
′ for some I ′ ∈ ch(Ip) and so,
c(Jp) ∈ I
′. Then we decompose as 3Jp = ((3Jp)∩I
′)∪((3Jp)\I
′).
For all t ∈ (3Jp) ∩ I
′, we have t, c(Jp) ∈ I
′, which implies
|t − c(Jp)|∞ ≤ ℓ(Ip)/2 and so, t ∈ I˜p. Then hI(t) = h˜I(t) and,
from (27), we get ψin(t, x) = 0.
On the other hand, for all t ∈ (3Jp)\I
′, we have
ψin(t, x) = (hI(t)− h˜I(t))χ(3Jp)\I′(t)hJ (x),
where (hI − h˜I)χ(3Jp)\I′ is disjoint with hJ since Jp ⊂ I
′. More-
over, χ(3Jp)\I′ ≤ χ(3Jp)\Jp.
Then we can write in both cases 〈TbhI , hJ〉 = 〈Tb(hIχ(3Jp)\Jp), hJχJp〉
and, by Lemma 6.1, we have
|〈TbhI , hJ〉| . |Jp|[hIb1]3Jp,q1[hJb2]Jp,q2F˜K(J)
. Cb1I [b1]3Jp,q1|I|
− 1
2Bb2Jp,q2|J |
− 1
2 |Jp|F3(J) ≤
(ℓ(J)
ℓ(I)
)n
2
B3(I, J)F3(J).
This is the second term of case 3) in the statement when ℓ(J) < ℓ(I).
c.2.2) Finally, we consider ℓ(J) = ℓ(I). For this case, which implies
inrdist(Ip, Jp) = 1, we recover the original notation h
b1
I , h
b2
J indicating
the dependence of the bump functions. We note that I˜p = Jp and so,
(28) ψin(t, x) = (h
b1
I (t)− h˜
b1
I (t))h
b2
J (x).
If Jp ⊂ (5Ip)\Ip, we have h˜
b1
I ≡ 0. We apply Lemma 6.1 as in subcase
c.2.1) to obtain the second term in 3) for I 6= J and ℓ(I) = ℓ(J).
We are left with the case Jp = Ip, for which J ∈ ch(Ip). For the first
term of ψin in (28), we have
hb1I (t)h
b2
J (x) =
∑
I′∈ch(Ip)
αI′χI′(t)
∑
I′′∈ch(Ip)
βI′′χI′′(x)
with αI = |I|
1
2 ( 1
|I|[b1]I
− 1
|Ip|[b1]Ip
), αI′ = −|I|
1
2
1
|Ip|[b1]Ip
for I ′ 6= I and the
same for βI′′ just changing b1 and I by b2 and J . This implies
〈Tbh
b1
I , h
b2
J 〉 =
∑
I′∈ch(Ip)
∑
I′′∈ch(Ip)
αI′βI′′〈TbχI′, χI′′〉.
The same reasoning applied to the second term of ψin in (28) gives
〈Tbh˜
b1
I , h
b2
I′ 〉 = αI′
∑
I′′∈ch(Ip)
αI′βI′′〈TbχI′ , χI′′〉,
with I ′ such that c(Jp) ∈ I
′. Thus, we can study both cases together.
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For I ′ 6= I ′′, since dist(I ′, I ′′) = 0, we can proceed as in c.2.1): from
(13) in Lemma 6.1 (or even (14) in Lemma 6.2 ) we get
|〈TbχI′, χI′′〉| . |I|[b1]I′,q1[b2]I′′,q2F˜K(I)
For I ′ = I ′′, the weak compactness condition of Definition 3.2 gives
|〈TbχI′, χI′〉| . |I|[b1]I′,q1[b2]I′,q2(FW (I
′;M) + ǫ).
From |αI | . C
b1
I |I|
− 1
2 , |βI′| . C
b2
I′ |I
′|−
1
2 we have |I||αI ||βI′| . C
b1
I C
b2
I′ .
With this,
|〈Tbh
b1
I , h
b2
I 〉| .
∑
I′,I′′∈ch(Ip)
Cb1I′ [b1]I′,q1C
b2
I′′ [b2]I′′,q2(F˜K(I) + FW (I;MT,ǫ) + ǫ)
This is the second term of case 3) in the statement when I = J .
There is still one case to end the proof: the term left undone at the
end of case b), that is, the bound for |〈TbχI˜ , ψ˜〉| when inrdist(Ip, Jp) = 1
and ec(I, J) ∈ {0, 1}. But it now is clear that this expression can
be bounded in the same way we did in case c.2.1) with the use of
Lemma 6.1 and case c.2.2) using the weak compactness condition. This
provides the first term of case 3) in the statement. 
9. The adapted wavelet system
Definition 9.1. Let b be locally integrable with 〈b〉I 6= 0 for I ∈ D. Fol-
lowing [13], we define the expectation associated with b EbQf =
〈f〉Q
〈b〉Q
bχQ
for every locally integrable function f . And for every k ∈ Z,
Ebkf =
∑
Q ∈ D
ℓ(Q) = 2−k
EbQf.
We also define their corresponding difference operators
∆bkf = E
b
kf − E
b
k−1f =
∑
Q ∈ D
ℓ(Q) = 2−(k−1)
∆bQf,
where
(29) ∆bQf =
( ∑
I∈ch(Q)
EbIf
)
−EbQf =
∑
I∈ch(Q)
(〈f〉I
〈b〉I
−
〈f〉Q
〈b〉Q
)
bχI .
Definition 9.2 (Adapted Haar wavelets). Let b be a locally integrable
function with non-zero dyadic averages. For I ∈ D, we remind the
functions given in Definition 8.1, hbI = |I|
1
2
(
1
|I|〈b〉I
χI −
1
|I|〈b〉Ip
χIp
)
.
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Then for I ∈ D we define the Haar wavelets adapted to b and their
corresponding dual wavelets as
ψbI = h
b
Ib, ψ˜
b
I = h
b
I〈b〉I .
We have the following result:
Lemma 9.3. For every locally integrable function f ,
∆bQf =
∑
I∈ch(Q)
〈f, ψ˜bI〉ψ
b
I ,
where 〈f, g〉 =
∫
Rn
f(x)g(x)dx.
Proof. A direct computation starting at (29) shows that
∆bQf =
∑
I∈ch(Q)
〈f〉I
( 1
〈b〉I
χI −
|I|
|Q|
1
〈b〉Q
χQ
)
b =
∑
I∈ch(Q)
〈f〉I |I|
1
2ψbI .
Also from (29), we have
(30) 〈∆bQf〉I = 〈f〉I −
〈b〉I
〈b〉Q
〈f〉Q
and since
(31)
∑
I∈ch(Q)
〈b〉I
〈b〉Q
〈f〉Q|I|
1
2ψbI = 0
we get
∆bQf =
∑
I∈ch(Q)
〈∆bQf〉I |I|
1
2ψbI .
Now, we use (30) to compute the coefficients and get:
|I|
1
2 〈∆bQf〉I = |I|
1
2
∫
f(x)
(χI(x)
|I|
−
〈b〉I
〈b〉Q
χQ(x)
|Q|
)
dx = 〈f, ψ˜bI〉.
Remark 9.4. From (31) or the dual equality
(32)
∑
I∈ch(Q)
ψ˜bI = 0,
we see that this wavelet system is not linearly independent.
Corollary 9.5. For (∆bQ)
∗f =
∑
I∈ch(Q)
(〈fb〉I
〈b〉I
−
〈fb〉Q
〈b〉Q
)
χI , we have
(∆bQ)
∗f =
∑
I∈ch(Q)
〈f, ψbI〉ψ˜
b
I .
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Next lemma states the orthogonality properties of the adapted Haar
wavelets. The proof follows from direct calculations.
Lemma 9.6. For I, J ∈ D,
∫
ψbI(x)dx =
∫
ψ˜bI(x)b(x)dx = 0.Moreover,
(33) 〈ψbI , ψ˜
b
J〉 = 0
when Ip 6= Jp, while for Ip = Jp, we have
(34) 〈ψbI , ψ˜
b
J〉 = δ(I − J)−
|J |〈b〉J
|Ip|〈b〉Ip
.
where δ(I − J) = 1 if I = J and zero otherwise.
Finally, ‖ψ˜bI‖Lq(Rn) . C
b
I |〈b〉I ||I|
1
q
− 1
2 and ‖ψbI‖Lq(Rn) . B
b
I,q|I|
1
q
− 1
2 .
The next result, which generalizes the classical Carleson’s Embed-
ding Theorem, is used in Lemma 9.9 and Section 11. The proof follows
from a direct adaptation of the demonstration included in [2].
Lemma 9.7 (Carleson Embedding Theorem). Let (aI)I∈D a collection
of non-negative numbers such that for all I ∈ D,
(35)
∑
J∈D(I)
aJ . [b]
2
I,2|I|.
Then for every f ∈ L2(Rn),
∑
I∈D
[b]−2I,2 aI |〈f〉I |
2 . ‖f‖2L2(Rn).
Remark 9.8. For (aI)I∈D, (bI)I∈D with aI , bI non-negative,
∑
I∈D
aIbI |〈f〉I |
2 . sup
I⊂Rn
( bI
|I|
∑
J∈D(I)
aJ
)
‖f‖2L2(Rn).(36)
Lemma 9.9. Let b be a locally integrable function compatible with an
operator and let BF as stated in Definition 3.10. Then,∑
I∈D
BF (I, J)|〈f, ψ˜bI〉|
2 . ‖f‖2L2(Rn)
for every locally integrable function f and every J ∈ D.
Moreover, for ǫ > 0, there is M0 ∈ N, such that for all M > M0,∑
I∈DcM
sup
J ∈ DcM
(I, J) ∈ FM
BF (I, J)|〈f, ψ˜bI〉|
2 . ǫ‖f‖2L2(Rn)
for every locally integrable function f , where FM is given after condi-
tion (9) of Definition 3.10.
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Remark 9.10. The proof shows that the following inequality also holds
∑
I∈D
( [b]Ip,2
|〈b〉Ip|
)−2
|〈f, ψ˜bI〉|
2 . ‖f‖2L2(Rn).
Proof. On the one hand, for I ∈ ch(Ip), by the definition of ψ˜
b
I we have
|〈f, ψ˜bI〉| = |I|
1
2 |〈b〉I |
∣∣∣〈f〉I
〈b〉I
−
〈f〉Ip
〈b〉Ip
∣∣∣
= |I|
1
2
∣∣∣〈f〉I − 〈f〉Ip − 1〈b〉Ip 〈f〉Ip
(
〈b〉I − 〈b〉Ip
)∣∣∣
≤
[b]Ip,2
|〈b〉Ip|
(
|I|
1
2 |〈f〉I − 〈f〉Ip|+ |I|
1
2 [b]−1Ip,2
∣∣〈b〉I − 〈b〉Ip∣∣|〈f〉Ip|
)
,
since |〈b〉Ip| ≤ [b]Ip,2. Now, by conditions (8), (9) of Definition 3.10 of
a compatible testing function, we have that BF (I, J)[b]2I,2/|〈b〉I |
2 . C
for all I, J ∈ D and that given ǫ > 0, there is M0 ∈ N satisfying
BF (I, J)[b]2I,2/|〈b〉I |
2 . ǫ for all M > M0 and I, J ∈ D
c
M such that
(I, J) ∈ FM . With this, we obtain∑
I∈DcM
sup
J ∈ DcM
(I, J) ∈ FM
BF (I, J)|〈f, ψ˜bI〉|
2
. ǫ
(∑
I∈D
∣∣〈f〉I − 〈f〉Ip∣∣2|I|+∑
I∈D
[b]−2Ip,2
∣∣〈b〉I − 〈b〉Ip∣∣2|I| |〈f〉Ip|2
)
and the last expression is bounded by a constant times ǫ‖f‖Lq(Rn) as we
briefly indicate. The first term follows by the standard square function
estimate. Moreover, the same square function estimate shows that∑
J∈D(I)
∣∣〈b〉J − 〈b〉Jp∣∣2|J | ≤ ‖b‖L2(Ip) = [b]Ip,2|Ip|,
which proves that
(∑
I∈ch(Q) |〈b〉I − 〈b〉Q|
2|I|
)
Q∈D
satisfies hypothesis
(35) of Lemma 9.7. Then∑
Q∈D
∑
I∈ch(Q)
[b]−2Q,2
∣∣〈b〉I − 〈b〉Q∣∣2|I||〈f〉Q|2 . ‖f‖2.
Corollary 9.11. The following dual statement also holds:
∑
I∈D
( [b]Ip,2
|〈b〉I ||〈b〉Ip|
)−2
|〈f, ψbI〉|
2 . ‖fb‖L2(Rn).
Proof. Since |〈f, ψbI〉| = |〈b〉I |
−1|〈fb, ψ˜bI〉|, we can apply Remark 9.10.
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Lemma 9.12. Let b be a locally integrable function. Then the equality
(37) f =
∑
I∈D
〈f, ψ˜bI〉ψ
b
I
holds pointwise a.e. almost everywhere for f integrable, compactly sup-
ported and with mean zero.
Proof. By Lemma 9.3 we have ∆bQf =
∑
I∈ch(Q)〈f, ψ˜
b
I〉ψ
b
I . Then the
right hand side of (37) is understood as
lim
M→∞
∑
I ∈ D
2−M < ℓ(I) ≤ 2M
〈f, ψ˜bI〉ψ
b
I = lim
M→∞
∑
−M<k≤M
∆bkf.
We choose R ∈ D with sup f ⊂ R, andM ∈ N with 2−M < ℓ(R) < 2M .
For every x ∈ R, we select I, J ∈ D such that x ∈ J ⊂ I, ℓ(J) = 2−M
and ℓ(I) = 2M . Since R ⊆ I and f has zero mean, then 〈f〉I = 0.
With this, by summing a telescopic series, we have
∑
−M<k≤M
∆bkf(x) = E
b
Mf(x)− E
b
−Mf(x) =
〈f〉J
〈b〉J
χJ(x)b(x).(38)
Now, since f and b are both locally integrable, by Lebesgue’s Differen-
tiation Theorem, the right hand side of (38) tends to f(x) pointwise
almost everywhere when M tends to infinity.
By a similar reasoning, we can prove the following dual result:
Lemma 9.13. Let b be a locally integrable function. Then the equality
(39) f =
∑
I∈D
〈f, ψbI〉ψ˜
b
I
holds pointwise almost everywhere for f integrable, compactly supported
and with mean zero with respect to b.
Lemma 9.14. Let T be a bounded operator on L2(Rn) with compact
Caldero´n-Zygmund kernel K. Let bi be two locally integrable functions
compatible with T and (ψbiI )I∈D be the wavelet systems of Definition
9.2. Then for f, g locally integrable,
〈Tf, g〉 =
∑
I,J∈D
〈f, ψ˜b1I 〉〈g, ψ˜
b2
J 〉〈Tψ
b1
I , ψ
b2
J 〉,(40)
〈Tbf, g〉 =
∑
I,J∈D
〈f, ψb1I 〉〈g, ψ
b2
J 〉〈Tbψ˜
b1
I , ψ˜
b2
J 〉.(41)
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We note that the lack of accretivity is the reason for the unusual
definition of weak compactness (Definition 3.2) and the extra work re-
quired to prove Lemma 9.14. When the testing functions are accretive,
the lemma follows directly from convergence of a wavelet frame on
L2(Rn) and the continuity of T . However, without accretivity the cho-
sen wavelet system does not converge on L2(Rn). Moreover, one can
not use the classical Tb Theorem to deduce that T is already known to
be bounded because in general the testing functions are not accretive.
Proof (of Lemma 9.14). We only show (40). Let (h1I)I be the Haar-
wavelet system. By Lemma 9.12 applied to the accretive functions
bi = 1 and the continuity of T on L
2(Rn),
〈Tf, g〉 =
∑
I,J∈D
〈f, h1I〉〈g, h
1
J〉〈Th
1
I , h
1
J〉 = lim
N→∞
〈TfN , gN〉
with fN=
∑
I∈DN
〈f, h1I〉h
1
I and similar for gN . Then, we can assume f, g
to be in the unit ball of L2(Rn), supported on Q ∈ D with ℓ(Q) > 1,
constant on dyadic cubes of side length ℓ ≤ 1 and with mean zero.
As shown in the proof of Lemma 9.12, we have∑
I ∈ D
2−M ≤ ℓ(I) < 2M
〈f, ψ˜bI〉ψ
b
I =
∑
−M<k≤M
∆bkf = E
b
Mf,
and similar expression for g. We then need to prove that |〈Tf, g〉 −
〈T (Eb1Mf), E
b2
Mg〉| tends to zero when M tends to infinity uniformly for
functions f, g in the unit ball of L2(Rn). We bound this difference by
|〈T (f −Eb1Mf), g〉|+ |〈T (E
b1
Mf), g −E
b2
Mg〉| = S1 + S2
and we only work to estimate the second term. As explained before,
g − Eb2Mg does not necessarily tend to zero on L
2(Rn).
By condition (9) of Definition 3.10, given ǫ > 0 there exists M0 ∈ N
such that 2−M0 < ℓ and for all M > M0,
(42) sup
I, J ∈ D
ℓ(I∧J) < 2−(M−1)
BF (I, J) ≤ sup
(I, J) ∈ FM−1
BF (I, J)
( [b1]2I,q1
|〈b1〉I |2
+
[b2]
2
J,q2
|〈b2〉J |2
)
< ǫ,
where FM is the family of ordered pairs of cubes I, J ∈ D
c
M with either
ℓ(I∧J) > 2M , ℓ(I∧J) < 2−M or rdist(〈I, J〉,B) > Mθ for θ ∈ (0, 1).
We fix now M > M0. Let (Ii)i∈ZnM ⊂ D a partition of Q with
ZnM = {i ∈ N
n : ‖i‖∞ ≤ 2
Mℓ(Q)} such that ℓ(Ii) = 2
−M and the cubes
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Ii are enumerated so that dist(Ii, Ij) = max(‖i−j‖∞−1, 0)2
−M . Then,
S2 ≤
∑
i,j∈ZnM
|〈T (Eb1MfχIi), (g −E
b2
Mg)χIj〉| =
∑
i,j∈ZnM
Ti,j
We consider the cases dist(Ii, Ij) > 0 or dist(Ii, Ij) = 0. In the first one,
by the integral representation of T and the mean zero of (g−EbMg)χIj ,
Ti,j =
∣∣∣
∫
Ij
∫
Ii
〈f〉Ii
〈b1〉Ii
b1(t)(g(x)−
〈g〉Ij
〈b2〉Ij
b2(x))(K(t, x)−K(t, c(Ij)))dtdx
∣∣∣
Since dist(Ii, Ij) > 0 and ℓ(Ii) = ℓ(Ij), we have that dist(Ii, Ij) ≥ ℓ(Ij).
Then, for all t ∈ Ii and x ∈ Ij we have 2|x − c(Ij)|∞ ≤ ℓ(Ij) ≤
dist(Ii, Ij) < |t− c(Ij)|∞. With this,
|K(t, x)−K(t, c(Ij)))| ≤
|x− c(Ij)|
δ
|t− c(Ij)|n+δ∞
FK(t, x, c(Ij))
with FK(t, x, c(Ij)) = L(|t− c(Ij)|∞)S(|x− c(Ij)|∞)D
(
1+
|t+c(Ij)|∞
1+|t−c(Ij)|∞
)
.
Now, the properties of Ii, Ij also imply dist(Ii, Ij) ≥ ℓ(〈Ii, Ij〉)/3. With
this, we get the inequalities: |t− c(Ij)|∞ > ℓ(〈Ii, Ij〉)/3, |x− c(Ij)|∞ ≤
ℓ(Ij)/2 and |c(Ii) − c(〈Ii, Ij〉)|∞ ≤ ℓ(〈Ii, Ij〉)/2. Then, by the proof of
Lemma 5.1, we have in the domain of integration
FK(t, x, c(J)) . L(ℓ(〈Ii, Ij〉))S(ℓ(Ij))D
(
1 +
|c(Ij)|∞
1 + ℓ(〈Ii, Ij〉)
)
. FK(〈Ii, Ij〉, Ij, 〈Ii, Ij〉) =: FK(i, j).
Since g is constant on Ij, we have gχIj = 〈g〉IjχIj and so, for all x ∈ Ij,
g(x)−
〈g〉Ij
〈b2〉Ij
b2(x) =
〈g〉Ij
〈b2〉Ij
(〈b2〉Ij − b2(x))
Moreover, since
ℓ(〈Ii,Ij〉)
ℓ(Ij)
= rdist(Ii, Ij) =
ℓ(Ii)+dist(Ii,Ij)
ℓ(Ii)
= ‖i− j‖∞,
Ti,j ≤
|〈f〉Ii|
|〈b1〉Ii|
‖b1‖L1(Ii)
|〈g〉Ij |
|〈b2〉Ij |
(|〈b2〉Ij ||Ij|+ ‖b2‖L1(Ij))
ℓ(Ij)
δ
ℓ(〈Ii, Ij〉)n+δ
FK(i, j)
. |〈f〉Ii||〈g〉Ij ||Ii|
ℓ(Ij)
n+δ
ℓ(〈Ii, Ij〉)n+δ
[b1]Ii,1
|〈b1〉Ii|
(
1 +
[b2]Ij ,1
|〈b2〉Ij |
)
FK(i, j)
. ǫ|〈f〉Ii||〈g〉Ij ||Ii|‖i− j‖
−(n+δ)
∞
The last inequality is due to ℓ(Ij) = 2
−M , Definition 3.10 and (42):
[b1]Ii,1
|〈b1〉Ii|
(
1 +
[b2]Ij ,1
|〈b2〉Ij |
)
FK(i, j) ≤ BF (Ii, Ij) ≤ sup
I, J ∈ D
ℓ(I∧J) < 2−(M−1)
BF (I, I) . ǫ
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Therefore, the corresponding sum can be bounded as follows:
∑
i,j : ‖i−j‖∞≥1
Ti,j . ǫ
∑
i,j : ‖i−j‖∞≥1
|〈f〉Ii||〈g〉Ij ||Ii|‖i− j‖
−(n+δ)
∞
≤ ǫ
( ∑
i∈ZnM
|〈f〉Ii|
2|Ii|
∑
j : ‖i−j‖∞≥1
‖i− j‖−(n+δ)∞
) 1
2
( ∑
j∈ZnM
|〈g〉Ij |
2|Ij|
∑
i : ‖i−j‖∞≥1
‖i− j‖−(n+δ)∞
) 1
2
. ǫ‖f‖L2(Rn)‖g‖L2(Rn) ≤ ǫ
On the other hand, when dist(Ii, Ij) = 0, Ii 6= Ij , we write
Ti,j =
∣∣∣〈T( 〈f〉Ii
〈b1〉Ii
b1χIi
)
,
|〈g〉Ij |
|〈b2〉Ij |
(〈b2〉Ij − b2)χIj
〉∣∣∣
≤ |〈f〉Ii||〈g〉Ij |
( 1
|〈b1〉Ii
|〈T (b1χIi), χIj〉|+
1
|〈b1〉Ii||〈b2〉Ij |
|〈TbχIi, χIj〉|
)
By Lemma 6.2, we have that the terms inside the parentheses can be
bounded by a constant times
|Ii|
[b1]Ii,q1
|〈b1〉Ii|
(
1 +
[b2]Ij ,q2
|〈b2〉Ij |
)
FLK(Ii) . |Ii|BF (Ii, Ij) . ǫ|Ii|,
where the last inequality is due to (42) and the fact that ℓ(Ii) = 2
−M .
Since for each fixed index i there are only 3n− 1 indexes j such that
dist(Ii, Ij) = 0, Ii 6= Ij, the corresponding sum can be bounded by
∑
i,j : ‖i−j‖∞=1
Ti,j . ǫ
∑
i,j : ‖i−j‖∞=1
|〈f〉Ii||〈g〉Ij ||Ij|
. ǫ
( ∑
i∈ZnM
|〈f〉Ii|
2|Ii|
) 1
2
( ∑
j∈ZnM
|〈g〉Ij |
2|Ij |
) 1
2
≤ ǫ
Finally, when Ii = Ij , we have similarly as before:
Ti,i =
|〈f〉Ii||〈g〉Ii|
|〈b1〉Ii||〈b2〉Ii|
|〈T (b1χIi), (〈b2〉Ii − b2)χIi〉|
By weak compactness, |〈T (b1χIi), b2χIi〉| . |Ii|[b1]Ii,q1[b2]Ii,q2FW (i, i)
and |〈T (b1χIi), χIi〉| . |Ii|[b1]Ii,q1FW (i, i), where now we write FW (i, i) =
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FW (Ii;M) + ǫ. Then, by (42) and ℓ(Ii) = 2
−M , we get
∑
i∈ZnM
Ti,i .
∑
i∈ZnM
|〈f〉Ii||〈g〉Ii||Ii|
[b1]Ii,q1
|〈b1〉Ii|
[b2]Ii,q2
|〈b2〉Ii|
FW (i, i)
.
∑
i∈ZnM
|〈f〉Ii||〈g〉Ii||Ii|BF (Ii, Ii) . ǫ
Corollary 9.15. With the same hypotheses of Lemma 9.14, let P1,M ,
P2,M be the projections related to each system. Then
〈(P ∗2,M)
⊥TP⊥1,Mf, g〉 =
∑
I,J∈DcM
〈f, ψ˜b1I 〉〈g, ψ˜
b2
J 〉〈Tψ
b1
I , ψ
b2
J 〉.
The dual representation for Tb also holds.
Proof. We have that
〈(P ∗2,M)
⊥TP⊥1,Mf, g〉 = 〈TP
⊥
1,Mf, P
⊥
2,Mg〉
= 〈Tf, g〉 − 〈Tf, P2,Mg〉 − 〈TP1,Mf, g〉+ 〈TP1,Mf, P2,Mg〉
and by (40) the last expression coincides with the statement.
10. Lp compactness
We start this section with the following technical result:
Lemma 10.1. Let L˜, S, D˜ be the functions of Definition 2.2 and let
F (I, J) = F˜K(I∧J, I∧J, 〈I, J〉) + FW (I;MT,ǫ)χI=J . Given ǫ > 0, let
M > 0 be large enough so that L˜(2M) + S(2−M) + D˜(M
1
8 ) < ǫ.
Then for all I ∈ Dc2M and J ∈ D
c
M we have that: either F (I, J) < ǫ,
| log(ec(I, J))| & logM , or rdist(I, J) &M
1
8 .
Remark 10.2. As showed in the proof, F (I, J) < ǫ holds when either
ℓ(I∧J) > 2M , or ℓ(I∧J) < 2−M , or rdist(〈I, J〉,B) > M1/8. For this
reason, in Definition 3.10 we denote by FM the family of ordered pairs
(I, J) with I, J ∈ DcM satisfying some of these three inequalities.
Proof. We start with FW (I;MT,ǫ)χI=J , for which the proof is simpler.
Since I∨J = I∧J = 〈I, J〉 = I = J ∈ DcM , we study three cases:
a) When ℓ(I) < 2−M , we have FW (I;MT,ǫ) . S(ℓ(I)) ≤ S(2
−M) < ǫ.
b) When ℓ(I) > 2M , we get FW (I;MT,ǫ) . L˜(ℓ(I)) ≤ L˜(2
M) < ǫ.
c) When 2−M ≤ ℓ(I) ≤ 2M with rdist(I,B2M ) > 2M , we finally get
FW (I;MT,ǫ) . D˜( rdist(I,B2M )) ≤ D˜(2
M) < ǫ.
We continue with F˜K . Since I ∈ D
c
2M , we consider three cases:
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a) When ℓ(I) < 2−2M , we have ℓ(I∧J) < 2−2M and so, we get
F˜K(I∧J, I∧J, 〈I, J〉) . S(ℓ(I∧J)) ≤ S(2
−2M) < ǫ.
b) When ℓ(I) > 22M , since J ∈ DcM we distinguish two cases:
b.1) When ℓ(J) > 2M , we get ℓ(I∧J) > 2M and so, we obtain
F˜K(I∧J, I∧J, 〈I, J〉) . L˜(ℓ(I∧J)) < L˜(2
M) < ǫ.
b.2) When ℓ(J) ≤ 2M , we have that
ec(I, J) =
ℓ(I∧J)
ℓ(I∨J)
=
ℓ(J)
ℓ(I)
<
2M
22M
= 2−M .
c) When 2−2M ≤ ℓ(I) ≤ 22M with rdist(I,B22M ) > 2M , we have
|c(I)|∞ > (2M − 1)2
2M . We fix α = 1
8
, β = γ = 1
4
. Then,
c.1) When ℓ(J) > (2M)α22M , since α > 0 we have
ec(I, J) =
ℓ(I)
ℓ(J)
<
22M
(2M)α22M
.M−
1
8 .
c.2) When ℓ(J) ≤ (2M)α22M , we have ℓ(I∨J) < (2M)α22M . Now:
c.2.1) When rdist(〈I, J〉,B) > (2M)β, we obtain
F˜K(I∧J, I∧J, 〈I, J〉) . D˜( rdist(〈I, J〉,B)) < D˜(M
1
8 ) < ǫ.
c.2.2) When rdist(〈I, J〉,B
2(2M)
β ) ≤ (2M)β , we get |c(〈I, J〉)|∞ ≤
(2M)β(1 + ℓ(〈I, J〉)). Then, we examine the last two cases:
– When ℓ(〈I, J〉) > (2M)γ22M , we get
rdist(I, J) =
ℓ(〈I, J〉)
ℓ(I∨J)
>
(2M)γ22M
(2M)α22M
&Mγ−α = M
1
8 .
– When ℓ(〈I, J〉) ≤ (2M)γ22M , we have instead
|c(I)− c(J)|∞ > |c(I)|∞ − |c(〈I, J〉)− c(J)|∞ − |c(〈I, J〉)|∞
≥ |c(I)|∞ − 2
−1ℓ(〈I, J〉)− (2M)β(1 + ℓ(〈I, J〉))
≥ (2M − 1)22M − (2M)γ22M − (2M)β(1 + (2M)γ22M)
& (M−Mγ−Mβ−Mβ+γ)22M & (M−3M
1
2 )22M ≥ 2−1M22M
for M ≥ 36. Whence,
rdist(I, J) ≥
|c(I)− c(J)|∞
ℓ(I∨J)
&
M22M
(2M)α22M
&M1−α = M
7
8 .

We now demonstrate our main result on compactness of singular
integral operators when the special cancellation conditions hold.
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Theorem 10.3. Let T be a linear operator bounded on L2(Rn) with
a compact Caldero´n-Zygmund kernel. Let b1, b2 be locally integrable
functions compatible with T . We assume that T satisfies the weak com-
pactness condition and Tb1 = T
∗b2 = 0.
Then T can be extended to a compact operator on L2(Rn).
Proof. Let (ψbiI )I∈D be the Haar wavelet systems of Definition 9.2 and
Pi,M be the projections associated with each system. By the comments
after Remark 3.4, to prove compactness of T on L2(Rn) it is enough to
show that 〈(P ∗2,M)
⊥TP⊥1,Mf, g〉 tends to zero uniformly for f, g in the
unit ball of L2(Rn). From now we write both projections as P⊥M , (P
∗
M)
⊥.
By Lemma 10.1, given ǫ > 0, there existsM0 ∈ N so that F (I, J) < ǫ,
| log(ec(I, J))| & logM , or rdist(I, J) &M
1
8 .
Let now BF : D × D → [0,∞] be as given in Definition 3.10. By
Lemma 9.9, there exists M1 ∈ N, M1 > M0 so that M1 > 3
8 and
(43)
(∑
I∈D
BF (I, J)|〈f, ψ˜b1I 〉|
2
)1/2
. ‖f‖L2(Rn)
for all J ∈ D and
(44)
( ∑
I∈DcM
sup
J ∈ DcM
(I, J) ∈ FM
BF (I, J)|〈f, ψ˜b1I 〉|
2
)1/2
. ǫ‖f‖L2(Rn)
for all M > M1. Similarly for b2 and g.
Now, for fixed ǫ > 0 and the chosen M1 ∈ N, we prove that for
M > M1 such that 2M
− δ
8 +M−
δ
1+2δ < ǫ, we have
|〈(P ∗M)
⊥TP⊥2Mf, g〉| . ǫ.
By Corollary 9.15,
〈(P ∗M)
⊥TP⊥2Mf, g〉 =
∑
I∈Dc2M
∑
J∈DcM
〈f, ψ˜b1I 〉〈g, ψ˜
b2
J 〉〈Tψ
b1
I , ψ
b2
J 〉.(45)
According to Proposition 8.2, we parametrize the sums by eccentric-
ity, relative distance and inner relative distance of the cubes I, J as
follows. For fixed e ∈ Z, m ∈ N and J ∈ D, we define the family
Je,m = {I ∈ D : ℓ(I) = 2
eℓ(J), m ≤ rdist(I, J) < m+ 1}.
When m ≤ 3, we define for every 1 ≤ k ≤ 2−min(e,0),
Je,m,k = Je,m ∩ {I ∈ D : k ≤ inrdist(I, J) < k + 1}.
The cardinality of Je,m is comparable to 2
−min(e,0)nn(2m)n−1. On
the other hand, when m ≤ 3, the cardinality of Je,m,k is comparable
to n(2−min(e,0) − k)n−1. Moreover, by symmetry, the family {(I, J) :
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I ∈ Je,m} can be parametrized as {(I, J) : J ∈ I−e,m} and, similarly,
I ∈ Je,m,k if and only if J ∈ I−e,m,k. With all this, (45) equals
∑
e∈Z
∑
m,k∈N
∑
J∈ DcM
∑
I∈Je,m,k∩D
c
2M
〈f, ψ˜b1I 〉〈g, ψ˜
b2
J 〉〈Tψ
b1
I , ψ
b2
J 〉,
Notice the abuse of notation since the written sums actually mean:
∑
e∈Z
(∑
m≥4
∑
J∈ DcM
∑
I∈Je,m∩Dc2M
+
∑
1≤m≤3
∑
1≤k≤2−min(e,0)
∑
J∈ DcM
∑
I∈Je,m,k∩D
c
2M
)
.
Since ψb1I = h
b1
I b1, ψ
b2
J = h
b2
J b2, we have 〈Tψ
b1
I , ψ
b2
J 〉 = 〈Tbh
b1
I , h
b2
J 〉.
Then by Proposition 8.2 we get the following inequalities: for m > 3,
|〈Tψb1I , ψ
b2
J 〉| . 2
−|e|(n
2
+δ)m−(n+δ)BF (I, J), while for m ≤ 3 and k ≥ 1,
|〈Tψb1I , ψ
b2
J 〉| . 2
−|e|n
2 k−δBF (I, J). Writing both bounds in a unified
manner as Ge,m,kBF (I, J), we can estimate |〈(P
∗
2 )
⊥TP⊥2Mf, g〉| by
∑
e∈Z
∑
m,k∈N
Ge,m,k
∑
J ∈ DcM
∑
I∈Je,m,k∩D
c
2M
|〈f, ψ˜b1I 〉||〈g, ψ˜
b2
J 〉|BF (I, J).(46)
Now, in order to estimate this last quantity, we divide the study into
two cases: 1) (I, J) ∈ FM and 2) (I, J) /∈ FM
1) (I, J) ∈ FM implies F (I, J) < ǫ and so, (44) holds. Now, we
divide this case in two sub-cases depending whether m > 3 or m ≤ 3.
1.1) We bound the terms in (46) corresponding to the case m > 3 by
∑
e∈Z
∑
m≥4
2−|e|(
n
2
+δ)
mn+δ
( ∑
I∈DcM
∑
J ∈I−e,m ∩ DcM
(I, J) ∈ FM
BF (I, J)|〈f, ψ˜b1I 〉|
2
) 1
2
( ∑
J∈DcM
∑
I∈Je,m ∩ DcM
(I, J) ∈ FM
BF (I, J)|〈g, ψ˜b2,jJ 〉|
2
) 1
2
.
The cardinality of Je,m is comparable to 2
−min(e,0)nmn−1 and so, the
cardinality of I−e,m is comparable to 2
max(e,0)nmn−1. Then we bound
the previous expression by a constant comparable to 2n multiplied by
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∑
e∈Z
∑
m≥4
2−|e|(
n
2
+δ)
mn+δ
(
2max(e,0)nmn−1
∑
I∈DcM
sup
J ∈ DcM
(I, J) ∈ FM
BF (I, J)|〈f, ψ˜b1I 〉|
2
) 1
2
(
2−min(e,0)nmn−1
∑
J∈DcM
sup
I ∈ DcM
(I, J) ∈ FM
BF (I, J)|〈g, ψ˜b2J 〉|
2
) 1
2
. ǫ
(∑
e∈Z
2−|e|δ
∑
m≥4
m−(1+δ)
)
‖f‖L2(Rn)‖g‖L2(Rn) . ǫ
where in the first inequality we used (44) and 2max(e,0)2−min(e,0) = 2|e|.
1.2) When m ≤ 3, we assume ℓ(J) ≤ ℓ(I) to simplify notation. This
choice implies that e ≥ 0. Then, as before, we bound the terms in (46)
corresponding to this case by a constant times the following quantity
∑
e≥0
2−e
n
2
( ∑
I∈DcM
sup
J ∈ DcM
(I, J) ∈ FM
BF (I, J)|〈f, ψ˜b1I 〉|
2
2−min(−e,0)∑
k=1
∑
J ∈I−e,m,k
k−2δ
) 1
2
( ∑
J∈DcM
2−min(e,0)∑
k=1
∑
I∈Je,m,k
sup
J ∈ DcM
(I, J) ∈ FM
BF (I, J)|〈g, ψ˜b2J 〉|
2
) 1
2
. ǫ
∑
e≥0
2−e
n
2 ‖f‖L2(Rn)
(
2e(n−1)
2e∑
k=1
k−2δ
) 1
2
‖g‖L2(Rn),(47)
using (44) and the facts that the cardinality of I−e,m,k is comparable
to n(2e − k)(n−1) while the cardinality of Je,m,k is comparable to n.
Let 0 < θ < 1 to be chosen later. Using k ≥ 1 and δ > 0, we have
2e∑
k=1
k−2δ =
2θe∑
k=1
k−2δ +
2e∑
k=2θe+1
k−2δ . 2θe + 2−2δθe2e.
Then, expression (47) is bounded by a constant multiplied by
ǫ
∑
e≥0
2−e
n
2
(
2e
n−1+θ
2 + 2e
n−θ2δ
2
)
. ǫ
(∑
e≥0
2−e
1−θ
2 +
∑
e≥0
2−eθδ
)
. ǫ,
since 0 < θ < 1. This finishes the first case.
2) We now study the case when I ∈ Dc2M , J ∈ D
c
M are such that
F (I, J) ≥ ǫ. By Lemma 10.1, we have that | log(ec(I, J))| & logM , or
rdist(I, J) &M
1
8 . Therefore, instead the smallness of BF , in this case
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we use that the size and location of the cubes I and J are such that
either their eccentricity or their relative distance are extreme.
We fix eM ∈ {0, logM}, mM ∈ {M
1
8 , 1} such that eM = 0 implies
mM =M
1
8 . When m > 3, using (43) and the calculations developed in
the case 1.1), we bound the relevant part of (46) by a constant times
∑
|e|≥eM
∑
m≥mM
2−|e|(
n
2
+δ)
mn+δ
∑
J∈DcM
∑
I∈Je,m∩Dc2M
|〈f, ψ˜b1I 〉||〈g, ψ˜
b2
J 〉|BF (I, J)
.
( ∑
|e|≥eM
2−|e|δ
∑
m≥mM
m−(1+δ)
)
‖f‖L2(Rn)‖g‖L2(Rn)
. 2−eMδm−δM . (M
−δ +M−
δ
8 ) < ǫ,
by the choice of M .
When m ≤ 3, we have that mM ≤ m ≤ 3 < M
1
8 implies mM = 1 and
so, eM = logM . Then the calculations of case 1.2) show that, using
(43), the relevant part of (46) can be bounded by a constant times
∑
e≥eM
3∑
m=1
2e∑
k=1
2−e
n
2
∑
J∈DcM
∑
I∈Je,m,k∩D
c
M
|〈f, ψ˜b1I 〉||〈g, ψ˜
b2
J 〉|BF (I, J)
.
∑
e≥eM
(2−e
1−θ
2 + 2−eθδ)‖f‖L2(Rn)‖g‖L2(Rn)
.
∑
e≥logM
2−e
min(θ2δ,1−θ)
2 .M−
δ
1+2δ ≤ ǫ,
by the choice of M and θ = 1
1+2δ
∈ (0, 1). This completely finishes the
proof of compactness on L2(Rn).
Corollary 10.4. With the hypotheses of Theorem 10.3 plus the extra
condition b1, b2 ∈ L
∞(Rn), we obtain compactness of Tb on L
2(Rn).
Proof. To prove compactness of Tb, we use the dual representation of
Corollary 9.15 (or, equivalently, equality (41)),
〈(P ∗M)
⊥TbP
⊥
2Mf), g〉 =
∑
I∈Dc2M
∑
J∈DcM
〈f, ψb1I 〉〈g, ψ
b2
J 〉〈Tbψ˜
b1
I , ψ˜
b2
J 〉
=
∑
I∈Dc2M
∑
J∈DcM
〈f, ψb1I 〉〈g, ψ
b2
J 〉〈b1〉I〈b2〉J〈Tbh
b1
I , h
b2
J 〉.
By Lemma 9.11, we have
∑
I∈D
( [b1]Ip,q
|〈b1〉I ||〈b1〉Ip|
)−2
|〈f, ψb1I 〉|
2 . ‖fb‖2L2(Rn) ≤ ‖b‖
2
L∞(Rn)‖f‖
2
L2(Rn)
36 PACO VILLARROYA
and the same for g and b2. This implies the following two inequalities,
which are similar to (43) and (44):
(∑
I∈D
BF (I, J)|〈f, ψb1I 〉|
2[b1]
2
I
)1/2
. ‖f‖L2(Rn),
for J ∈ D; and given ǫ > 0, there exists M0 ∈ N with( ∑
I∈DcM
sup
J ∈ DcM
(I, J) ∈ FM
BF (I, J)|〈f, ψb1I 〉|
2[b1]
2
I
)1/2
. ǫ‖f‖L2(Rn)
for all M > M0 and f ∈ C0(R
n). We have analog inequalities for b2, g.
From here we can proceed as in the proof of Theorem 10.3. 
As in [14], we deduce compactness on Lp(Rn) for all 1 < p <∞ by in-
terpolation between compactness on L2(Rn) and boundedness Lp(Rn).
We refer to the classical Krasnoselskii’s Theorem, whose proof in a
more general setting can be found in [11].
Theorem 10.5. Let 1 ≤ p1, r1, p2, r2 ≤ ∞ be a set of indices with r1 <
∞. Let T be a given linear operator which is continuous simultaneously
as a mapping from Lp1(Rn) to Lr1(Rn) and from Lp2(Rn) to Lr2(Rn).
Assume in addition that T is compact as a mapping from Lp1(Rn) to
Lr1(Rn). Then T is compact as a mapping from Lp(Rn) to Lr(Rn),
where 1/p = t/p1 + (1− t)/p2, 1/r = t/r1 + (1− t)/r2, 0 < t < 1.
11. Compact paraproducts
For general Tb1, T
∗b2 ∈ CMOb(R
n), we construct paraproducts ΠTb1 ,
Π∗T ∗b2 with compact C-Z kernels such that ΠTb1(b1) = Tb1, Π
∗
T ∗b2
(b1) =
0 while Π∗Tb1(b2) = 0, ΠT ∗b2(b2) = T
∗b2. This way, the operator
T˜ = T −ΠTb1 − Π
∗
T ∗b2
satisfies the hypotheses of Theorem 10.3 and so, T˜ is compact on
Lp(Rn). Since the paraproducts ΠTb1 and Π
∗
T ∗b2
are compact by con-
struction, we deduce that the operator T is also compact on Lp(Rn).
We start with two technical lemmata. The first one describes the
BMOb(R
n)−H1b (R
n) duality. Since this result is well known for bounded
accretive functions b, we just sketch its proof to show the validity of the
result. Some considerations regarding the use of finite decompositions
should be added to obtain a rigorous demonstration (see [1]). However,
since we only use the estimates starting at the right hand side of (48),
the calculations in the paper are not affected by these issues.
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Lemma 11.1. Let b be a locally integrable function with non-zero
dyadic averages. Then for all f ∈ BMOb(R
n), g ∈ H1b (R
n)∣∣∣
∫
Rn
f(x)g(x)b(x)dx
∣∣∣ ≤ ‖f‖BMOb(Rn)‖g‖H1b (Rn)
Proof. We assume that g ∈ C0(R
n) with support in Q ∈ D. By Defini-
tion 3.8 of H1b (R
n), there exists a decomposition g =
∑
I∈D λIaI with
aI L
2-atoms supported on Ip ∈ D(Q) and ‖aIb‖L2(I) . B
b
I,2|I|
− 1
2 , such
that
∑
I∈D B
b
I,2|λI | ≤ 2‖g‖H1b (Rn). By Lemma 9.12, we have that
aIb =
∑
J∈D(I)
〈aIb, ψ˜
b
J〉ψ
b
J
with a.e. convergence and Jp ⊆ Ip since otherwise 〈aI , ψ˜
b
J〉 = 0. This
is trivial when Ip ∩ Jp = ∅. When Ip ( Jp, is due to aIb having mean
zero and ψ˜bJ being constant on the support of aIb. Moreover,∥∥∥∑
I∈D
λIaIb
∥∥∥
L1(Q)
≤
∑
I∈D
|λI |‖aIb‖L2(I)|I|
1
2 ≤
∑
I∈D
|λI |B
b
I,2 . ‖g‖H1b (Rn)
and so, by Vitali’s Dominated Convergence Theorem,
(48)
∫
f(x)g(x)b(x)dx =
∑
I∈D
λI
∑
J∈D(I)
〈f, ψbJ〉〈aIb, ψ˜
b
J〉.
Then, by Cauchy-Schwarz inequality,∣∣∣
∫
f(x)g(x)b(x)dx
∣∣∣ ≤∑
I∈D
|λI |
( ∑
J∈D(I)
( [b]Jp,2
|〈b〉Jp|
)2
|〈f, ψbJ〉|
2
) 1
2
( ∑
J∈D(I)
( [b]Jp,2
|〈b〉Jp|
)−2
|〈aIb, ψ˜
b
J〉|
2
) 1
2
By Remark 9.10 the last factor is bounded by ‖aIb‖L2(I) . B
b
I,2|I|
− 1
2 .
Then, by Definitions 3.6 and 3.8,∣∣∣
∫
f(x)g(x)dx
∣∣∣ ≤∑
I∈D
|λI |B
b
I,2
( 1
|I|
∑
J∈D(I)
( [b]Jp,2
|〈b〉Jp|
)2
|〈f, ψbJ〉|
2
) 1
2
≤
∑
I∈D
|λI |B
b
I,2‖f‖BMOb(Rn) ≤ ‖f‖BMOb(Rn)‖g‖H1b (Rn).
Although the wavelet system (ψI)I∈D is not orthogonal, we have the
following lemma, which is a direct consequence of (33), (34) and (32).
Lemma 11.2. Let (αJ)J∈D a sequence of complex numbers and let
f =
∑
J∈D αJψ
b
J . Then 〈f, ψ˜
b
I〉 = αI .
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Now we state and prove the main result of this section.
Proposition 11.3. Let b1, b2 be locally integrable functions with non-
zero dyadic averages and let (ψb2I )I∈D be the Haar wavelet system of
Definition 9.2. We assume Tb1 ∈ CMOb(R
n). Then the operator
〈ΠTb1f, g〉 =
∑
I∈D
〈Tb1, ψ
b2
I 〉
〈f〉Ip
〈b1〉Ip
〈g, ψ˜b2I 〉(49)
has a compact Caldero´n-Zygmund kernel, it is compact on Lp(Rn) for
all 1 < p <∞, and satisfies 〈ΠTb1b1, g〉 = 〈Tb1, g〉 and 〈Π
∗
Tb1
b2, f〉 = 0.
Remark 11.4. The proof shows that ΠTb1 is a perfect Caldero´n-Zygmund
operator (see [2] for the definition). Moreover, writing E¯b1I (f) =
〈f〉I
〈b1〉I
χI ,
we have ΠTb1f =
∑
k∈Z∆
b2
k (Tb1)E¯
b1
k−1(f).
On the other hand, since 〈Tb1, ψ
b2
J 〉 = 〈Tb1, h
b2
J 〉 and ψ˜
b2
I = 〈b2〉Ih
b2
I ,
we have
〈ΠTb1f, b2g〉 =
∑
I∈D
〈Tb1, ψ˜
b2
I 〉
〈f〉Ip
〈b1〉Ip
〈g, ψb2I 〉 =: 〈ΠTb1f, g〉.
This is the paraproduct needed to prove compactness of Tb. Moreover,
ΠTb1f =
∑
k∈Z(∆
b2
k )
∗(Tb1)E¯
b1
k−1(f).
Proof. Formally, 〈ΠTb1b1, g〉 = 〈Tb1,
∑
I∈D〈g, ψ˜
b2
I 〉ψ
b2
I 〉 = 〈Tb1, g〉. More-
over, by Lemma 9.6 we get 〈b2, ψ˜
b2
I 〉 = 0 and so, 〈ΠTb1f, b2〉 = 0.
To prove that ΠTb1 is compact on L
2(Rn) we verify that 〈P ∗M
⊥ΠTb1f, g〉
tends to zero uniformly for all f, g in the unit ball of L2(Rn), with PM
the projection operator associated with (ψb2J )J . We start by proving
the equality 〈P ∗M
⊥ΠTb1f, g〉 = 〈ΠP ∗M⊥Tb1f, g〉.
Since g ∈ L2(Rn), by Lemma 9.12 we have P⊥Mg =
∑
J∈DcM
〈g, ψ˜b2J 〉ψ
b2
J
with a.e. pointwise convergence. Moreover, by the orthogonality prop-
erties of Lemma 9.6, 〈P⊥Mg, ψ˜
b2
I 〉 =
∑
J∈ch(Ip)
〈g, ψ˜b2J 〉〈ψ
b2
J , ψ˜
b2
I 〉. Then
〈P ∗M
⊥ΠTb1f, g〉 =
∑
I∈D
〈Tb1, ψ
b2
I 〉
〈f〉Ip
〈b1〉Ip
〈P⊥Mg, ψ˜
b2
I 〉
=
∑
I∈DcM
∑
J∈ch(Ip)
〈Tb1, ψ
b2
I 〉
〈f〉Ip
〈b1〉Ip
〈g, ψ˜b2J 〉〈ψ
b2
J , ψ˜
b2
I 〉.
On the other hand, since Tb1 ∈ CMOb(R
n), we have P ∗M
⊥Tb1 =∑
J∈DcM
〈Tb1, ψ
b2
J 〉ψ˜
b2
J with a.e. pointwise convergence. By Lemma 9.6,
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〈P ∗M
⊥Tb1, ψ
b2
I 〉 =
∑
J∈ch(Ip)
〈Tb1, ψ
b2
J 〉〈ψ
b2
I , ψ˜
b2
J 〉. Then, since Jp = Ip,
〈ΠP ∗M⊥Tb1f, g〉 =
∑
I∈D
〈P ∗M
⊥Tb1, ψ
b2
I 〉
〈f〉Ip
〈b1〉Ip
〈g, ψ˜b2I 〉
=
∑
J∈DcM
∑
I∈ch(Jp)
〈Tb1, ψ
b2
J 〉〈ψ
b2
I , ψ˜
b2
J 〉
〈f〉Jp
〈b1〉Jp
〈g, ψ˜b2I 〉.
Symmetry of I, J in previous expressions proves the claimed equality.
Now, by Carleson’s Theorem (in particular (36)) and remark 9.10,
|〈P ∗M
⊥ΠTb1f, g〉|= |〈ΠP ∗M⊥Tb1f, g〉|=
∣∣∣∑
I∈D
〈P ∗M
⊥Tb1, ψ
b2
I 〉
〈f〉Ip
〈b1〉Ip
〈g, ψ˜b2I 〉
∣∣∣
.
(∑
I∈D
( [b2]Ip,2
|〈b1〉Ip||〈b2〉Ip|
)2
|〈P ∗M
⊥Tb1, ψ
b2
I 〉|
2|〈f〉Ip|
2
) 1
2
(∑
I∈D
( [b2]Ip,2
|〈b2〉Ip|
)−2
|〈g, ψ˜b2I 〉|
2
) 1
2
. sup
I∈I
( 1
|I|
∑
J ∈ DcM
J ⊂ I
( [b2]Jp,2
|〈b1〉Jp||〈b2〉Jp|
)2
|〈P ∗M
⊥Tb1, ψ
b2
J 〉|
2
) 1
2
‖f‖2‖g‖2
≤ ‖P ∗M
⊥Tb1‖BMOb(Rn),
which tends to zero when M tends to infinity since Tb1 ∈ CMOb(R
n).
To end the proof, we show that ΠTb1 has a a compact Caldero´n-
Zygmund kernel, namely, that the integral representation of Definition
2.4 holds. For f, g with disjoint support,
〈ΠTb1f, g〉 =
∫
Rn
∫
Rn
f(t)g(x)
∑
I∈D
〈Tb1, ψ
b2
I 〉
1
〈b1〉Ip
χIp(t)
|Ip|
ψ˜b2I (x)dtdx.
As we will see later, the disjointness of the supports of f and g guar-
antees the convergence of the infinite sum. The kernel of ΠTb1 is hence
K(t, x) =
〈
Tb1,
∑
I∈D
1
〈b1〉Ip
χIp(t)
|Ip|
ψ˜b2I (x)ψ
b2
I
〉
.
Due to the singularities of χIp and ψ˜
b2,i
I , this kernel does not satisfy
Definition 2.3 of a compact Caldero´n-Zygmund kernel. However, a
careful read of the proofs presented shows that all results hold if the
kernel satisfies the following alternative inequality: given I, J ∈ D,
|K(t, x)−K(t, x′)| .
ℓ(J)δ
|t− x|n+δ∞
L(|t− x|∞)S(|t− x|∞)D(|t+ x|∞)
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for all t ∈ I and x, x′ ∈ J with 2|x − x′|∞ < |t − x|∞. We will prove
that the kernel of ΠTb1 satisfies this inequality with δ = 1. This is
equivalent to saying that ΠTb1 has a perfect Caldero´n-Zygmund kernel.
In fact, we will prove that |K(t, x) − K(t, x′)| can be estimated by
ℓ(J)/|t − x|n+1∞ times a bounded function which tends to zero when
|t− x|∞ → 0 or |x− t|∞ → 0 or |t+ x|∞ →∞. First of all, we have
K(t, x)−K(t, x′) =
∑
I∈D
〈Tb1, ψ
b2
I 〉
1
〈b1〉Ip
χIp(t)
|Ip|
(ψ˜b2I (x)− ψ˜
b2
I (x
′)).
To simplify notation, we write Ψ˜b2I (x, x
′) = ψ˜b2I (x)− ψ˜
b2
I (x
′).
We note that χI(t)Ψ˜
b2
I (x, x
′) 6= 0 implies that for all cubes I in the
sum we have t ∈ Ip and either x ∈ I or x
′ ∈ I. Let It,x,x′, It,x, It,x′
and Ix,x′ be the smallest dyadic cubes containing the points in the
subindexes. By hypothesis, |t − x|∞ ≈ |t − x
′|∞. And by symmetry,
we assume |t − x|∞ ≤ |t − x
′|∞. Then all cubes I in the sum satisfy
It,x ⊂ Ip and the previous expression can be written as
(50)
∑
I ∈ D
It,x ⊆ Ip
〈Tb1, ψ
b2
I 〉
χIp(t)
〈b1〉Ip|Ip|
Ψ˜b2I (x, x
′).
Notice that |t − x|∞ ≤ ℓ(It,x) ≤ ℓ(It,x,x′). We will see later that if
Ix,x′ ( It,x = It,x,x′ then K(t, x)−K(t
′, x) = 0. That is, K is a perfect
Caldero´n-Zygmund kernel.
Since Tb1 ∈ CMOb(R
n), for every ǫ > 0 there is M0 ∈ N such
that ‖P ∗M
⊥Tb1‖BMOb(Rn) < ǫ and 2
−Mn/2(1 + ‖Tb1‖BMOb(Rn)) < ǫ for all
M > M0. We are going to prove that
|K(t, x)−K(t, x′)| . ǫ
ℓ(Ix,x′)
|t− x|n+1∞
,
when either |t−x|∞ > 2
M+1, or |t+x|∞ > M2
M+2, or |t−x|∞ < 2
−2M .
1) When |t − x|∞ > 2
M+1, all cubes I ∈ D in the sum satisfy
2ℓ(I) = ℓ(Ip) ≥ ℓ(It,x) ≥ |x − t|∞ > 2
M+1 and so, I ∈ DcM . We can
then rewrite (50) as
∑
I∈D
〈P ∗M
⊥Tb1, ψ
b2
I 〉
1
〈b1〉Ip
χIp(t)
|Ip|
Ψ˜b2I (x, x
′).(51)
To be used in case 2), we note that this is the only instance when
we use the actual inequality |t− x|∞ > 2
M+1. From now, we will only
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use that I ∈ DcM . By Lemma 11.2, we have〈∑
J∈D
χJp(t)
|Jp|
Ψ˜b2J (x, x
′)ψb2J , ψ˜
b2
I
〉
=
χIp(t)
|Ip|
Ψ˜b2I (x, x
′)
Then, (51), and thus K(t, x)−K(t, x′), can be rewritten as
∑
I∈D
∑
J∈D
1
〈b1〉Ip
〈P ∗M
⊥Tb1, ψ
b2
I 〉
〈χJp(t)
|Jp|
1
2
Ψ˜b2J (x, x
′)|Jp|
− 1
2ψb2J , ψ˜
b2
I
〉
=
∑
I∈D
χIp(t)
|Ip|
1
2
Ψ˜b2I (x, x
′)
∑
J∈D(Ip)
1
〈b1〉Jp
〈P ∗M
⊥Tb1, ψ
b2
J 〉〈|Ip|
− 1
2ψb2I , ψ˜
b2
J 〉.(52)
where we interchanged I, J and condition J ∈ D(Ip) is due to (34). By
Lemma 9.6, ‖ψb2I ‖L2(Rn) . B
b2
I,q2
. Since (52) coincides with the right
hand side of (48), by the proof of Lemma 11.1, (52) is bounded by
∑
I∈D
χIp(t)
|Ip|
1
2
|Ψ˜b2J (x, x
′)| sup
I∈I
((Bb2I,q2)2
|Ip|
∑
J ∈ D(Ip)
1
|〈b1〉Jp|
2
[b2]
2
Jp,2
|〈b2〉Jp|
2
|〈P ∗M
⊥Tb1, ψ
b2
J 〉|
2
) 1
2
≤ ‖P ∗M
⊥Tb1‖BMOb(Rn)
∑
I∈D
χIp(t)
|I|
1
2
|Ψ˜b2I (x, x
′)|,
where we used |I| ≤ |Ip|. We now work to bound∑
I ∈ D
It,x ⊆ Ip
χIp(t)
|I|
1
2
|ψ˜b2I (x)− ψ˜
b2
I (x
′)|.(53)
If the sum is non-zero then It,x ⊆ Ix,x′: if Ix,x′ ( It,x, then all cubes
I such that It,x ⊆ I satisfy x, x
′ ∈ I ′ with I ′ ∈ ch(Ip); this implies
ψ˜b2I (x) = ψ˜
b2
I (x
′) and so, the sum in (53) is zero. Moreover, if Ψ˜b2I (x, x
′)
is non-zero only then x, x′ do not belong to the same child of Ip. Then
|ψ˜b2I (x)− ψ˜
b2
I (x
′)| ≤ |〈b2〉I ||I|
1
2
1
|I|〈b2〉I |
= |I|−
1
2 .
Now, we parametrize the cubes in the sum by their side length:
let (Ik)k∈N be the family of dyadic cubes such that It,x ⊂ I
k with
ℓ(Ik) = 2kℓ(It,x). Then, the sum in (53) can be bounded by∑
k≥0
1
|Ik|
=
∑
k≥0
1
2knℓ(It,x)n
.
ℓ(It,x)
ℓ(It,x)n+1
≤
ℓ(Ix,x′)
|t− x|n+1∞
.
With all this, we obtain by the choice of M ,
|K(t, x)−K(t′, x)| . ‖P ∗M
⊥Tb1‖BMOb(Rn)
ℓ(Ix,x′)
|t− x|n+1∞
≤ ǫ
ℓ(Ix,x′)
|t− x|n+1∞
.
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2) We work the case |t + x|∞ > M2
M+2. Since every cube I in the
sum (50) satisfies It,x ⊆ Ip, we have (t + x)/2 ∈ Ip. Then |c(Ip) −
(x+ t)/2|∞ < ℓ(Ip)/2 and so, |c(Ip)|∞ ≥ |t+ x|∞/2− ℓ(Ip)/2. Now, if
ℓ(Ip) > 2
M+1, we get as before that I ∈ DcM . If instead ℓ(I) ≤ 2
M+1,
rdist(I,B2M ) ≥ rdist(Ip,B2M ) =
diam(Ip ∪ B2M )
2M
&
|c(Ip)|∞ + 2
M−1 + ℓ(Ip)/2
2M
≥
|t+ x|∞
2M+1
+
1
2
> M,
by the property of |t + x|∞. Therefore, we also obtain I ∈ D
c
M and
with this, we conclude as in the previous case that
|K(t, x)−K(t′, x)| . ‖P ∗M
⊥Tb1‖BMOb(Rn)
ℓ(Ix,x′)
|t− x|n+1∞
≤ ǫ
ℓ(Ix,x′)
|t− x|n+1∞
.
3) The last case, |t − x|∞ < 2
−2M , is more involved. The cubes in
the sum such that ℓ(I) < 2−M or ℓ(I) > 2M satisfy I ∈ DcM and so,
they may be taken care of as in the two previous cases.
However, those cubes such that 2−M ≤ ℓ(I) ≤ 2M may belong to
DM and the previous argument can not be used. Instead, we reason
as follows. The terms under consideration in (50) are given by those
cubes I ∈ D such that It,x ⊆ Ip and 2
−M ≤ ℓ(I) ≤ 2M . From the work
in case 1), we know that It,x ⊆ Ix,x′. Therefore, these cubes can be
parametrized by their side length as ℓ(Ik) = 2kℓ(It,x) with k0 ≤ k ≤ k1
where k0 = max(−M − log ℓ(It,x), 0) and k1 = M − log ℓ(It,x). Then,
K(t, x)−K(t, x′) =
∑
k0≤k≤k1
〈Tb1, ψ
b2
Ik
〉
χIkp (t)
〈b1〉Ikp |I
k
p |
(ψ˜b2
Ik
(x)− ψ˜b2
Ik
(x′)).
As in the first case, we bound the modulus of previous expression by
‖Tb1‖BMOb(Rn)
∑
k0≤k≤k1
χIkp (t)
|Ik|
1
2
|ψ˜b2
Ik
(x)− ψ˜b2
Ik
(x′)|
By the same reasoning, we bound the last factor by a constant times
(54)
∑
k0≤k≤k1
1
2kn
1
ℓ(It,x)n
.
We distinguish two cases depending whether |t−x|∞ ≤ 2
−M/2ℓ(It,x) or
|t− x|∞ > 2
−M/2ℓ(It,x). In the first case, (54) is bounded by
∑
0≤k
1
2kn
1
ℓ(It,x)n
.
ℓ(It,x)
ℓ(It,x)n+1
≤ 2−
M
2
(n+1) ℓ(Ix,x′)
|t− x|n+1∞
.
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In the second case, we have that ℓ(It,x) < 2
M/2|t−x|∞ < 2
−3M/2 and
so, k0 ≥ −M − log ℓ(It,x) ≥M/2. Then, (54) is bounded by∑
k≥M
2
1
2kn
1
ℓ(It,x)n
.
1
2
M
2
n
ℓ(It,x)
ℓ(It,x)n+1
≤
1
2
M
2
n
ℓ(Ix,x′)
|t− x|n+1∞
.
Therefore, in both cases we have by the choice of M again,
|K(t, x)−K(t, x′)| . ‖Tb1‖BMOb(Rn)
1
2
M
2
n
ℓ(Ix,x′)
|t− x|n+1∞
≤ ǫ
ℓ(Ix,x′)
|t− x|n+1∞
.
Similar reasoning applies to K(t, x)−K(t′, x) finishing the proof.
12. Necessity of the hypotheses
In this last section, we prove necessity of the three hypotheses of
Theorem 4.1. Since in [14], we proved that Caldero´n-Zygmund opera-
tors compact on Lp(Rn) have compact Caldero´n-Zygmund kernels, we
focus on the other two hypotheses: the weak compactness condition
and the membership of Tb1 and T
∗b2 to CMOb(R
n).
12.1. The weak compactness condition.
Proposition 12.1. Let 1 < p <∞ and T be bounded on Lp(Rn). Let
1 ≤ qi ≤ ∞ and bi be two locally integrable functions. If either p ≤ q1
and p′ ≤ q2, or b1, b2 are accretive then for every M ∈ N, Q ∈ D,
|〈TbχQ, χQ〉| . |Q|[b1]Q,q1[b2]Q,q2
[
‖(P ∗M)
⊥T‖p,p
+ ‖P ∗MT‖p,p χ[0,1]
(ℓ(Q)
2M
)(
1 +
2−M
ℓ(Q)
)−n
p
χ[0,1]
( rdist(Q,B2M )
M
)]
.
Corollary 12.2. Let 1 < p < ∞ and T compact on Lp(Rn). Let qi
and bi as before. Then T satisfies the weak compactness condition
Proof. We start with the decomposition
|〈TbχQ, χQ〉| ≤ |〈P
⊥
MTbχQ, χQ〉|+ |〈PMTbχQ, χQ〉|.
Since 〈b2f, ψ˜
b2
I 〉ψ
b2
I = b2〈f, ψ
b2
I 〉ψ˜
b2
I for all I ∈ D, we have PM(b2f) =
b2P
∗
Mf . With this and the hypothesis on qi or bi, we get
|〈P⊥MTbχQ, χQ〉| = |〈(P
∗
M)
⊥T (b1χQ), b2χQ〉|
≤ ‖(P ∗M)
⊥T‖p,p‖b1‖Lp(Q)‖b2‖Lp′ (Q) = ‖(P
∗
M)
⊥T‖p,p|Q|[b1]Q,p[b2]Q,p′
. ‖(P ∗M)
⊥T‖p,p|Q|[b1]Q,q1[b2]Q,q2.
We deal now with the second term. If Q ∈ DM , we have as before
|〈PMTbχQ, χQ〉| . ‖P
∗
MT‖p,p|Q|[b1]Q,q1[b2]Q,q2, which is compatible with
the statement since 2−M ≤ ℓ(Q) ≤ 2M and rdist(Q,B2M ) < M .
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If Q /∈ DM , we proceed in a different way. By Lemma 9.12,
b2χQ =
∑
J ∈ D
Q ( J
〈b2χQ, ψ˜
b2
J 〉ψ
b2
J
with a.e. pointwise convergence. The constraint Q ( J is due to
〈b1χQ, ψ˜
2
J〉 = 0 for J ∩ Q = ∅ while, by Lemma 9.6, 〈b2χQ, ψ˜
b1
J 〉 =
〈b2, ψ˜
b2
J 〉 = 0 for J ⊆ Q. Therefore,
PM(b2χQ) =
∑
J ∈ DM
Q ( J
〈b2χQ, ψ˜
b2
J 〉ψ
b2
J ,(55)
where the sum is finite. With PM(b2f) = b2P
∗
Mf and P
2
M = PM , we
have
〈PMTbχQ, χQ〉 = 〈P
∗
MT (b1χQ), b2P
∗
MχQ〉
= 〈P ∗MT (b1χQ), PM(b2χQ)〉 =
∑
J ∈ DM
Q ( J
〈P ∗MT (b1χQ), ψ
b2
J 〉〈b2χQ, ψ˜
b2
J 〉.(56)
Now, we separate into three cases: ℓ(Q) > 2M ; ℓ(Q) < 2−M ; and
2−M < ℓ(Q) < 2M with rdist(Q,B2M ) > M .
1) When ℓ(Q) > 2M , all cubes J in the sum satisfy ℓ(J) ≥ ℓ(Q) >
2M , which is contradictory with J ∈ DM . Then the sum in (56) is
empty and 〈PMTbχQ, χQ〉 = 0.
2) When ℓ(Q) < 2−M , since J ∈ DM we have that ℓ(Q) < 2
−M ≤
ℓ(J). By telescoping, the sum in (55) can be rewritten as PM(b2χQ) =∑
−M<k≤M ∆
b2
k (b2χQ) = E
b2
M (b2χQ)−E
b2
−M(b2χQ). Let J
0, J1 ∈ DM such
that with Q ( J i and ℓ(J i) = 2(−1)
iM . Then
‖Eb2−M(b2χQ)‖Lp′ (Rn) =
|〈b2χQ〉J1 |
|〈b2〉J1|
‖b2χJ1‖Lp′(Rn)
=
|Q|
|J1|
|〈b2〉Q|
|J1|
1
p′ [b2]J1,p′
|〈b2〉J1|
. 2
M
p |Q||〈b2〉Q|,
using the hypothesis on qi or bi. Similarly, we get a smaller estimate for
‖Eb2M(b2χQ)‖Lp′ (Rn). Whence, from the first equality in (56), we have
|〈PMTbχQ, χQ〉| ≤ ‖P
∗
MT‖p,p‖b1‖Lp(Q)‖PM(b2χQ)‖Lp′(Rn)
. ‖P ∗MT‖p,p|Q|
1
p [b1]Q,p|〈b2〉Q| 2
M
p |Q|
= ‖P ∗MT‖p,p|Q|[b1]Q,q1[b2]Q,q2
(
2Mℓ(Q)
)n
p ,
with the hypothesis on qi or bi. This ends the second case.
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3) We consider the case 2−M < ℓ(Q) < 2M and rdist(Q,B2M ) > M .
Since 2−M ≤ ℓ(J) ≤ 2M and Q ⊂ J , we have that
rdist(Q,B2M ) =
ℓ(〈Q,B2M 〉)
2M
≤
ℓ(〈J,B2M 〉)
2M
= rdist(J,B2M )
Then, rdist(J,B2M ) > M , which is contradictory with J ∈ DM . There-
fore, the sum in (56) is again empty and 〈PMTbχQ, χQ〉 = 0. 
12.2. Membership in CMOb(R
n).
Proposition 12.3. Let T be a linear operator with a standard Caldero´n-
Zygmund kernel that extends compactly on Lp(Rn) for some 1 < p <∞.
Then for b1, b2 locally integrable functions compatible with T we have
Tb1, T
∗b2 ∈ CMOb(R
n).
Proof. Since T is bounded on Lp(Rn), by the classical theory, T is
bounded on Lp(Rn) for all 1 < p <∞. Thus, by interpolation, T turns
out to be compact on all Lp(Rn) spaces.
To prove membership in BMOb(R
n), we show first that Lb defined in
Lemma 7.1 is a bounded linear functional on H1b (R
n). Since linearity
is trivial, we prove its continuity on H1b (R
n).
By standard arguments, it is enough to prove the result for p′-atoms.
Let I ∈ D be fixed and f be an atom in H1b (R
n) supported on Ip with
mean zero with respect b2 and ‖fb2‖Lp′ (Rn) . B
b2
I,p′|I|
−1/p.
Let Ψk = χ2k+1Ip − χ2kIp. For k ∈ N, k > 1, we have
|Lb(f)| ≤ |〈TbχIp, f〉|+
k−1∑
k′=0
|〈TbΨk′, f〉|+ |Lb(f)− 〈Tbχ2kIp, f〉|.
Using boundedness of T on Lp(Rn) we estimate the first term by
‖T‖p,p‖b1χIp‖Lp(Rn)‖b2f‖Lp′(Rn) . [b1]I,p|Ip|
1
pBb2I,p′|I|
− 1
p = [b1]I,pB
b2
I,p′.
Since T is compact, its kernelK is a compact Caldero´n-Zygmund kernel
with parameter δ. Then from the proof of Lemma 7.1 the second term
is bounded by a constant times
k−1∑
k′=0
2−k
′δ|Ip|
1
q′
2 ‖b2f‖Lq2 (Rn) inf
x∈2k′I
Mq1b1(x)F˜K(2
k′I, I, 2k
′
I)
. |Ip|
1
q′
2Bb2I,q2|I|
− 1
q′
2 inf
x∈I
Mq1b1(x) . 〈Mq1b1〉IB
b2
I,q2
,
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where we used boundedness of F˜K . Finally, we apply the result of
Lemma 7.1 to bound the last term by
2−kδ|Ip|
1
q′
2 ‖b2f‖Lq2 (Rn) inf
x∈2kI
Mq1b1(x)F˜K(2
kI, I, 2kI) . Bb2I,q2〈Mq1b1〉I .
These estimates show |Lb(f)| . 1 for every atom f , proving that Lb
defines a bounded linear functional on H1b (R
n). Hence, by the H1b (R
n)-
BMOb(R
n) duality of Lemma 11.1, the functional Lb is represented by
a function in BMOb(R
n) denoted by Tb1, that is, Lb(f) = 〈Tb1, b2f〉.
In order to prove membership in CMOb(R
n), we need to show that
limM→∞〈P
∗
M
⊥Tb1, b2f〉 = 0 uniformly for all f in the unit ball ofH
1
b (R
n).
Let I ∈ D and f be an atom in H1b (R
n) supported on I with zero mean
with respect b2 and ‖fb2‖Lp′ (Rn) . B
b2
I,p′|I|
−1/p.
For ǫ > 0, we fix k ∈ N, k > 1, so that 2−kδ〈Mq1b1〉IB
b2
I,q2
< ǫ.
Moreover, due to compactness of T , we can choose M > 0 such that
I ∈ DM and ‖P
∗
M
⊥T‖p,p2
k/p[b1]2kIp,pB
b2
I,p′ < ǫ.
We decompose as follows:
〈P ∗M
⊥Tb1, b2f〉= 〈P
∗
M
⊥T (b1χ2kIp), b2f〉+
∞∑
k′=k
〈T (b1Ψk′), P
⊥
M(b2f)〉.(57)
Notice that PM(b2f) =
∑
J∈DM
|J |1/2〈b2f, ψ˜
b2
J 〉|J |
−1/2ψb2J is a finite lin-
ear combination of functions |J |−1/2ψb2J = |J |
−1/2hb2I b2 with |J |
−1/2hb2I
being p′-atoms and so, it belongs toH1b (R
n). Then we also get P⊥M(b2f) ∈
H1b (R
n), which justifies (57). We bound the first term in (57) as follows:
‖P ∗M
⊥T‖p,p‖b1χ2kIp‖Lp(Rn)‖b2f‖Lp′(Rn)
. ‖P ∗M
⊥T‖p,p[b1]2kIp,p|2
kI|
1
pBb2I,p′|I|
− 1
p
= ‖P ∗M
⊥T‖p,p[b1]2kIp,p2
k
pBb2I,p′ < ǫ.
Applying the definition of P ∗M
⊥, we rewrite the second term as
∞∑
k′=k
〈T (b1Ψk′), b2f〉 −
∞∑
k′=k
〈P ∗MT (b1Ψk′), b2f〉 = A+B
For the new first term, we have from the proof of Lemma 7.1 that
|A| .
∞∑
k′=k
2−k
′δ|Ip|
1
q′2 ‖b2f‖Lq2 (Rn) inf
x∈2k′I
Mq1b1(x)F
D
K (2
k′I, I, 2k
′
I)
.
∞∑
k′=k
2−k
′δBb2I,q2 infx∈I
Mq1b1(x) . 2
−kδBb2I,q2〈Mq1b1〉I < ǫ.
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By definition, we rewrite each term of B as
〈P ∗MT (b1Ψk′), b2f〉 =
∑
J∈DM (I)
〈T (b1Ψk′), ψ
b2
J 〉〈ψ˜
b2
J , b2f〉(58)
Since b2f and ψ˜
b2
J have compact support on Ip and Jp respectively, the
non-null terms in the sum arise when Jp ⊂ Ip. This is obvious when
Ip ∩ Jp = ∅. For those cubes J so that Ip ( Jp, we have 〈ψ˜
b2
J , b2f〉 =
〈b2〉J〈h
b2
J , b2f〉 = 0 since h
b2
J is constant on Ip and b2f has mean zero.
Now, b1Ψk is supported on (2
k′Ip)
c and ψb2J is supported on Ip and
so, we can use the integral representation to rewrite (58) as
∑
J∈DM (I)
∫ ∫
b1(t)Ψk′(t)ψ
b2
J (z)K(t, z)dzdt
∫
b2(x)f(x)ψ˜
b2
J (x)dx
=
∫ ∫
b1(t)Ψk′(t)b2(x)f(x)K(t, x)dtdx(59)
with t∈(2k
′+1Ip)\(2
k′Ip), K(t, x)=
∑
J∈DM (I)
∫
ψb2J (z)K(t, z)dz ψ˜
b2
J (x).
We now aim to estimate K(t, x). By the mean zero of ψb2J (z),∫
ψb2J (z)K(t, z)dz =
∫
ψb2J (z)(K(t, z) −K(t, c(J)))dz.
Since t ∈ (2k
′
Ip)
c, z ∈ Jp ⊂ Ip and k
′ > 1, we get
|t− z|∞ ≥ |t− c(Ip)|∞ − |c(Ip)− z|∞ ≥ 2
k′−1ℓ(Ip)− ℓ(Ip)/2
> ℓ(Ip) ≥ ℓ(Jp) ≥ 2|z − c(Jp)|∞.
Whence,
∣∣∣
∫
ψb2J (z)K(t, z)dz
∣∣∣ .
∫
J
|ψb2J (z)|
|z − c(Jp)|
δ
∞
|t− z|n+δ∞
FK(t, z, c(Jp))dz,
with FK(t, z, c(Jp)) = L(|t−c(Jp)|∞)S(|z−c(Jp)|∞)D
(
1+ |t+c(Jp)|∞
1+|t−c(Jp)|∞
)
.
By Lemma 5.1, FK(t, z, c(Jp)) . FK(2
k′I, J, 2k
′
I) and so,
∣∣∣
∫
ψb2J (z)K(t, z)dz
∣∣∣ ≤ ‖ψb2J ‖L1(Rn) ℓ(J)
δ
2k′(n+δ)ℓ(I)n+δ
FK(2
k′I, J, 2k
′
I)
≤ Bb2J,1|J |
1
2
ℓ(J)δ
2k′(n+δ)ℓ(I)n+δ
FK(2
k′I, J, 2k
′
I).
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using Lemma 9.6. With this and ‖ψ˜b2J ‖L∞(Rn) . C
b2
J |〈b2〉J ||J |
− 1
2 ,
|K(t, x)| .
∑
J ∈ DM
x ∈ Jp ⊆ Ip
(Cb2J )
2[b2]J,1|〈b2〉J |FK(2
k′I, J, 2k
′
I)
ℓ(J)δ
2k′(n+δ)ℓ(I)n+δ
.
1
2k′(n+δ)|I|
∑
J ∈ DM
x ∈ Jp ⊆ Ip
BF (I, J)
(ℓ(J)
ℓ(I)
)δ
.
Since the cubes in the sum satisfy x ∈ Jp ∈ DM(I), they can be
parametrized by their side length as ℓ(Jr) = 2−rℓ(Ip) with 0 ≤ r ≤
M + log ℓ(I). With this and the bound BF (I, J) . 1,
|K(t, x)| .
1
2k′(n+δ)|Ip|
∑
r≥0
2−rδ .
1
2k′(n+δ)|Ip|
With this estimate we have from (58) and (59)
|〈P ∗MT (b1Ψk′), b2f〉| .
∫ ∫
|b1(t)Ψk′(t)||b2(x)f(x)|
1
2k′(n+δ)|Ip|
dtdx
≤
1
2k′(n+δ)|Ip|
‖b1‖L1(2k′I)‖b2f‖L1(I)
.
1
2k′(n+δ)|Ip|
[b1]2k′I,1|2
k′I|Bb2I,1 .
1
2k′δ
〈M1b1〉IB
b2
I,1
Then, by the choice of k, we finally get
|B| ≤
∞∑
k′=k
|〈P ∗MT (b1Ψk′), b2f〉| . 〈M1b1〉IB
b2
I,1
∞∑
k′=k
1
2k′δ
< ǫ
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